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I. INTRODUCTION

Quantum chemistry deals with the theory of atomic and
molecular electronic structure. It describes this structure
in terms of wave mechanics which was first introduced by
Schrédinger in 1926 [l1]. The stationary states of an atomic
or molecular system are given by the solution to the

Schrdodinger equation
XY =EY | (1.1}

where # is the non-relativistic Hamiltonian operator. Most

of chemistry is implicit in the wavefunction ¥ and so virtually
the whole field of quantum chemistry depends on the explicit
solution of the equation. The exact solution is, however,
difficult and to date has been possible only for atoms and

molecules with one electron. Therefore approximate solution

H

etheds must be employed. The most commonly used approxima=
tion is the self-consistent field method first developed by

Hartree in 1928 [2]. In this approach, each electron moves

1)

in an effective potential field arising from the nuclei and

A
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the average charge distribution of all ©
many-body problem is thus replaced by an independent particle
model where it is possible to define individual electronic
wavefunctions ¢i {(spin orbitals) and energy levels €; {crbital
energies) by an eguation
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where the "effective Hamiltonian“J#eff is a sum of the kinetic
enérgy and the effective potential field. Using an assumed
charge distribution to start with, the equation can be

solved for ¢; which in turn is used to determine a new

charge distribution from which a new effective potential is
evaluated for the next iteration. The process is'then
repeated until seif-conSistency is achieved. One then says
that the electron moves in a self-comnsistent field.

An equation of the type (1.2) can be derived from Eguation
(1.1) by means of the variational treatment on the expectation
value of thg total energy, if ¥ is expressed as a product of
spin orbitals or a Slater determinant [3]. .The latter form is
more accurate since the Pauli Exclusion Principie [4] is taken
intc account. This approach is known as the Hartree-Fock

method [5j. The Hartree—Fock eguation is similar to Equation

where F iz the Pock operator defined in terms of the nuclei
field, coulomb and exchange operators. The Hartree-Fock
self~-consistent field (HFSCF) method was initially developed
for application to atoms. The extension to molecules where

the molecular orbitals [6] are expanded as linear combina-



tions of atomic orbitals (LCAO) has been formalized by
Roothaan [7]. Given a set of atomic orbitals {X¥} as a

basis, the HF orbitals {¢i} can be expressed in the form

¢i = I Xkc (1.4)

X ki

The coefficients {Cy;} are then determined by means of
Roothaan's matrix SCF procedure.

This procedure has since then been widely used. Most
of the electronic structure calculations in the past are
of this variety. In the variational sense, the HF wave-
function is the best one-configuration wavefunction that
can be constructed. In addition, the molecular orbital
picture presented by the HF model provides a simple and use-
ful conceptual framework for interpreting many molecular
phenomena. Also with the advance of fast and large computers,
it can be computaticonally implemented for a2 vast number of
molecular systems. However, the HF approximation neglects
the instantaneous (rather than averaged) repulsion between
electrons which is called electron correlation. Therefore
although molecular properties calculated from HF wavefunctions
are oiten reasonably accurate, it fails in cases where
electron correlation is critically important. For example
the dipole moment of carbon monoxide caléulated from HF

wavefunction is completely wrong [8]. Another deficiency



resulted ‘from the total neglect of electron correlation is the
inability to describe molecule formation and dissociation
properly, since in most cases, electron correlation is not
constant with respect to separation. Moreover, the model
naturally breaks down in the calculation of potential energy
curves for processes where there is a change of electronic
configuration. The F, molecule was predicted to have a negative
dissoéiation energy [9]. Therefore methods of going beyond

the HFSCF approximatioﬁ are necessary.

The most commonly used method to improve molecular
wavefunctions is superposition of configurations or configu-
ration interaction (CI) [10]. For a given basis set, there is
a virtual orbital space in addition to the HF orbitals.

These virtual orbitals can be used to construct other

configurations. A CI function is of the form

(1.5)

&
]
o B
()
=l
W
ol

which is just a linear combination of configurations {¢_}
based on orbitals which have not been optimized, but with
the expansion coefficients {a } variationally determined.
Such CI functions were successful in recovering part of
the correlation energy neglected by the HF model. However,
a reasonably.accurate wavefunction often requires a large

number of configurations [11l] due to poor representation of the



virtual space. This is the major problem with applying the

CI procedure to large molecules. Several techniques have been
developed tQ solve this problem of convergence. Some

workers have used perturbation techniques [12, 13] to choose
those configurations which give significant contribution to
the energy. Others have employed various forms of natural
orbitals [11, 14, 15] to hasten convergence. But perhaps

the most promising approach is the multiconfiguration
self-consistent field (MCSCF) method.

The MCSCF method goes beyond the CI method by varia-
tionally optimizing the orbitals simultanéously with the
mixing coefficients. 1In this way, there is no ambiguity in
the choice of the orbitals from which the configurations are
constructed. The result is that the MCSCF wavefunction will
be short, compact and easy to interpret. The MCSCF method
can also be considered a generalizaticn cf the one-
configuration HFSCF method. 1In fact the first MCSCF calcu-
iation was done by Hartree himself and coworkers [16]. More
recently, there has been a revival of interest. A brief
review of the formulation of the problem is given here;
following the treatment of Hirac and MNakatsuii [17].

The MC wavefunction is of the form given in Equation
(1.5), where {¢n} are antisymmetric many-electron functions
constructed from spin orbitals {¢i}. In the MCSCF theory,

the expectation value of the total energy is variationally



stationary with respect to all variations of the coefficients

{a_} and of the orbitals {¢;}
SE = s<y|H# |v> =0 (1.6)

under the orthonormality constraints

3 an2 =1 (1.7)
n

and
<¢j_l¢j> = Gij (1.8)

While the coefficients {a_} are readily determined from a
secular equation, the optimization of the orbitals {¢;} is
a more difficult problem. One approach involves the use of
Lagrangian multipliers {Aji} and leads to the identity

- 28 L L. <0.]9.> = 1.9
SE ig AJl “’1”’3 0 (1.9)

0
e

2 §{<6¢1|Fi|¢i> + <¢i|Fi|5¢i>}
-2 ff Aji{<6¢il¢j> + <¢i|5¢j>} =0 (1.10)

where F. is an effective one-electron Hamiltonian. The £irst
two summations are just adjoints of each other, as are

<8¢;|¢;> and <¢i|6¢j>. Consequently,



Fil¢;> = §|¢j>xji (1.11)
J
<¢i|Fi = § <¢jl>‘ij (1.12)

Taking the complex conjugate of Equation (1.12) and sub-
tracting from Equation (1.11) indicates that {Aij}’
are hermitian, viz.,

Aij = Aji (1.13)

Equation (1.11) together with Equation (1.13) are the

correct variational conditions. The orbital orthonormality

allows them to be rewritten as,
Filo;> = §|¢j><¢leil¢i> (1.14a)

<¢lei-Fj|¢i> = 0 - (1.14b)

which eliminate the Lagrangian multipliers. The problem is
how to combine these two equations into a simple eigenvalue
equation which can be solved for all orbitals. There have
been a variety df coupling operator methods developed

i18-23], but successful practical applications tc mclecules
1% PP

[«

are limited {[Z24-26].

The best method so far seems to be the optimized valence
configuration (OVC) formalism developed by Das and Wahl [18].
This method was developed with particular emphasis in ob-

taining chemically accurate potential curves for diatomics



[26], but recently it has been extended to triatomics [27].
Unfortunately the SCF operators proposed by Das and Wahl are
improper since the variational condition of Equation (1.14b)
is not taken into account [17]. Consequently this method
does not necessarily yield optimum solution unless the
initial orbitals are accurately chosen. Also this may be
. the source of.poor convergence. However, despite this
drawback, the OVC method has been applied to a vast number
of mclecules successfully. | |

In conclusion, we findthat practical soiution of Egua-=
tions (1.14a) and (1.14b) is difficult by coupling operator
technique. Another approach is possible, however. These
two ﬁquations (1.14a) and (1.14b) have been shown to be
equivalent to the generalized Brillouin Theorem [28] hy Hirao

and Nakatsuji [17] (see also Section IIB). Since it has been

Il

T P ema * . 3
known for scme iat HP wavefunctione can be obtained by

[ &1}

an iterative procedure based on the Brillcuin Thecrem [29,
30). the generalization to MC wavefunction is natural and in
fact has been applied by Grein and Chang [31] to calculate

atomic wavefunctions. The method is simple and easily adapted

for numerical sclu

ion. Howsver there is one deficiency in
the iterative procedure by Grein and Chang which is similar
to'negleétiﬁg Equation (l.14b) in coupling operator tech-
nigue. The orbitals have to be orthonormalized at each

iteration, which may be the source of unoptimum solution or



slow convergence. A new'technique is therefore desirable.

In this dissertation, an iterative MCSCF procedure based
on the generalized Brillouin Theorem and the application of
natural orbitals is developed. Natural orbitals can be used
to give a better representation of the orbital space from
which a CI wavefunction is constructed. Adams [32] pointed
out that in most MCSCF techniques, a common feature is the
important role played by natural orbitals. Das and Wahl
[18], Veillard and Clementi [21], Hinze and Roothaan {[192] all
attempted to restrict mixing configurations to differ by at
least two spin orbitals, making the molecular orbitals auto-
matically natural orbitals. The generalized valence bond
theory [33], a special case of MCSCF theory, was developed by
Goddard who used natural orbitals to construct geminals. The
iterative natural orbital method [34] suggested by Bender and
Davidson and used extensively by Schéefer [35] indicates the
power of natural orbitals, although in this method there is
no variational condition imposed on the energy. All these
facts show the usefulness of natural orbitals in MCSCF calcu~-
lations.

mi.
The novel

aspect of the present approach lies in the com-
bined application of the generalized Brillouin Theorem and of
natural orbitals. In order to avoid complications due to spin,
a novel approach to the handling of the spin eigenfunction

problem is used, namely the expansion of the MC wavefunction
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in terms of spin adapted antisymmetfized products (SAAP's)
(36]. Symmetry is also included to simplify the calculations.
As a consequence, the resulting computer program can handle

- almost any type of MC wavefunction. Hence, the treatment

here is more general than previous approaches. This method

has been applied to study the dissociation of ethylene.
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II. FORMULATION OF THE MCSCF METHOD

A. Multiconfiguration Wavefunction

The space basis of a MCSCF~wavefunction of a N-electron

system is an orthonormal set of spatial symmetry orbitals

{ \’u \’u ces \)u vV = 1,2,...,K
03777 03 reees b5 ) W= 1,2,...,I,

v
with VI vty ‘ (2.1)
<OiTI05e " > = 8508508

£6,=1L; 2L >N
v

where L is the total number of space orbitals, 5v the number
of orbitals in symmetry specie v, K the number of symmetry
species and 1? the degeneracy of symmetry specie v. The
spin basis is a set of orthonormal spin functions'ﬂaa(NSM)}
which are simultaneous eigenfunctions of the total spin

operator 8% ana spin operator §z, viz.,
§26a(NSM) = HZS(S+1)Gu(NSM) (2.2a)

h M 0, (NSM) (2.2b)

5,8, (NSM)

]

The spin eigenfuncticns used here are Serber-type spin
functions {37]. From these spatial and spin functions,

SAAP's are constructed

Vyo (NSM) = of [0, (NSM)] (2.3)

with
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& = fkl(l)sz(Z)...ka(N) (2.4)

where $ is the antisymmetrizer and the orbitals fkl(l) '

fk2(2),...,f N(N) are certain selections from those listed

k
in Equation (2.1). The SAAP's are good building blocks for a

MC wavefunction. They are antisymmetric under the exchange

2

of two electrons, eigenfunctions of §° and § , and are ortho-

Z
normal because of orbital orthonormality, viz.,

<t

kﬁ&dB (2.5)

Therefore the MC wavefunction can be expressed as a linear

combination of SAAP's,

S W
. “ka"ka , (2-6)

The expansion coefficients {Ck@} are obtained variationally
by solving the conventional configuration interaction eigen-

value problem

o

=g

om
o0

(2.7)

. o

where H is the Hamiltonian matrix defined by

Heo 08 = <Vial# Vg5 . (2.8)
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Explicit expressions for the matrix elements are defined in
reference [36]. E is thé diagonal matrix containing the
eigenvalues. MacDonald's Theorem [38] states that the nth
lowest eigenvalue is a rigorous upper boﬁnd to the nth lowest
exéct energy. With each energy is associated an eigen-
vector which defines the corresponding MC wavefunction.
Since # is a totally symmetric operator, eigenvectors of Hr
are symmetry-adapted. Therefore if the SAAP's span the space
of a specifié' symmetry species and subspecies solution of the
eigenvélue equation gives riseto a MC wavefunction which be-
longs to an _rreduc1blerenresentatlon of the point group |
under consideration. Therefore ground state as well as
excited state wavefunctions belonging to the same irreducible

tion can be constructed.
B. Generalized Brillouin Theorem -

Suppose the coefficients corresponding to a specific
state have been chosen, what are then the conditions for
optimal space 6fbitals? The treatment below follows refer-
ence [28]. The energy.is given by

E=% I ¢ ¢ TR |
ko 28 ko'iB DAY S (2.09)

Variation of the energy due to variaticn of the orvbitals in

'wka under the orbital orthonormality condition is given by

OB = 2 Z Z C <5w {(2.10)
whei? L ’
v = I 5.. I ‘s
ko, i< 13[?ka(1+3) Upo (371) 1]
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Therefore,
L
§E = 2 I X, <¥(i>j)|H |v> (2.12)
N By |
1<)
where we put
Y(i+j) = I Cka[wka(i+j)—wka(j+i)] - (2.13)
ka

If the minimum energy is reached, 8E = 0, then

<Y(i+j)|# |¥> = 0 for all i<j (2.14)

This is the generalized Brillouin Theorem for the MCSCF wave-
function. It means that if the orbitals are optimum in the
sense of the variation principle, then the matrix elements

of the total Hamiltonian between the MC wavefunction and

some linear combination of the singly excited (SE) functions,
Y(i+3j), vanisn.

To understand the meaning of Equation (2.14j, it is
necessary to discuss the various possible SE functions
wka(i4j$. it is a SAAP or a linear combination of SAAP's.

In the SAAP wkq' there are doubly occupied orbitals (doubles)
and singly occupied orbitals (singles). All the other
orbitals which are not occupied are called virtual orbitals
(virtuals). The indices i and j refer to two different space
orbitals and wka(i+j) is obtained from wka simply by exciting

. \V v . .
the electron in ¢i]J to ¢j‘J, or in other words, removing
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¢;”‘ and replacing it with ¢;”’. In order to reserve the
overall spatial symmetry of the SAAP, the two orbitals must
belong to the same symmetry species and subspecies.. Other-
wise the generalized Brillouin Theorem is meaningless since
the matrix element of a totally symmetrié operator between

and vy

y ,(i+3) is identically zero if their overall

ko, k
symmetries are different.

The proper preservation of spin symmetries in SE
functions is handled as follows. By definition, the orbitals
must be arranged in "standard order” in the SAAP's. This
means that the doubles are listed first and the singles
thereafter. Preservation of this rule is not only necessary
for use of our matrix element algorithms, but also guarantees
the orthogonality and proper counting of the SAAP‘s. Now,
it is possible that in some SE functions the orbitals do not
satisfy this convention. In such a case, let P be the

permutation operator which permutes the orbitals into

standard order, i.e.,
PO, (iv§) = of (i+]) (2.15)
haa its orbitals in standard order. Then

b (1%3) = [0 (iv3) 8 (NSM)]

-1

=[P o

] i+3)8 (NSM
k ]
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“lig. 1 (ias
# oy (i+3)Pe (NSM)]

s h (215 A (8} (i+3) 05 (NSM) ]

= @ 1oy (i9) (2.16)
g B
where the index B sums over all the appropriate spin eigen-
vfunctions. [P]lgz is the permutation matrix element between spin

eigenfunction 8 and o and e(P-l) is +1 when P-l

is even and
~1 when p~l is odd. Note that if the spin eigenfunction
GB(NSM) has symmetric geminal spin function in positions where
the associated space function in ¢i(i+j) is a double, then
W£(i*i) vanishes.

In the singie excitations, there exist nine possible

cases. But not all of them give contributions. In fact

the following five vanish:

-+
r
)
[}

;. oo .2
{a}) virtual to virtual

ey

o

(b) virtual to singi

[0}

(c) virtual té double

(d) single to double

(e} double to double

ur nen-vanishing ones are:
(f) single to virtual

(g) single to single

(h) double to virtual

(i) double to single.
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Oof these, (g), (h), and (i) may fequire orbital permutation.

As mentioned earlier, the generalized Brillouin Theorem
has been shown to be equivalent to Equations (1.14a) and (1.14b)
.by Hirao and Nakatsuji. They have shown that Equation (2.14)

can be written in terms of the effective one-electron

Hamiltonians.
<H(ir3) [# | ¥ = <o) |F -F.lo"> = 0 (2.17)
j LIt )
which is identical to Equation (i.id4b). If ¢§u is a virtual
orbital, then
<Y(irg) [ | = <oH|P ] o3"> = 0 (2.18)

But taking the inner product of ¢§u in Equation (l.1l4a)

<pVHIF, oV = 0 | (2.19)
J i i

which is identical to Equation (2.18). Therefore the
generalized Bri;louin Theorem 1is indeed identical with the
conditions derived with the help of Lagrangian multipliers.

The generalized Brillouin Theorem has a remarkable conse-
guence. S the optimal MC wavefunction has been found
as regards expansion coefficients and orbitals. Let us now
construct SE functions from this MC wavefunction and try to
determine an optimal "super CI" apprgximation, ysuper c1’
by linear combination of this MC wavefunction and SE
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functions, i.e.,

L

Doay; Y (ind) (2.20)

¥ = a. ¥ +
MC i< 1]

super CI 00

Then super CI coefficients, ap0’ {aij} are determined from
the secular equation between Yye and WMC(i+j). But because
of the generalized Brillouin Theorem, this matrix is block
diagonal with respect to the diagonal element <wMCLﬂ'IWMC>

and, hence, the lowest root has the solution

tI’super c1 * 1FMC (2.21a)
<wsuper CI|}i|wsuper cr” = <\PI‘JIC"#'l‘yMC> (2.21Db)
This suggests that the linear super CI problem might be

used to determine the optimal orbitals. Suppose the optimal
MC expansion coefficients are determined, but only approxi-
mations to the MC orbitals are known, then the lowest
energy of the super CI problem will yield a wavefunction

Ly

wsuper CI F and

Mﬁ

~~
[\
[ )
to
~—

<‘ysuper CI'J"’ Iqlsup.e:r: ct” < <%

It should be possible to use the information embodied in

the super CI coefficients an0’ {aij} to find better approxi-

mations to the optimal MC orbitals. The bridge by which we

propose to transfer this information from Y to

super CI
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WMC are the natural orbitals which give the most reapidly

convergeﬁt expansions [l1]. Let us first review some of the

properties of the natural orbitals.

C. Natural Orbitals

Natural space orbitals are formed as eigenfunctions of
the density operator for the first order spinless density

matrix, viz.,
fp(xlyxi)mn(xi)axi = Ay () (2.23)

where the corresponding eigenvalue An is the occupation

number and

p(xl,x;i) = NJw(x]_Sl,Tz,T3. ca)P* (x]'_Si'TZ'T3‘ . ')_dslde ci'r3. .o

(2.24)
If the wavefunction (7} is represented by a real orbital
basis {¢zu}, the density operator is in matrix form
p(xl'xi) = 'Z. ‘bl(xl)d’j(xi)Pij (2.25)

i,d
where the coefficients {P..} form a symmetric matrix 2.
4-J
The natural orbitals are obtained by diagonalization of the

density matrix, namely,

wn = §-¢iUin . , ‘ (2.26)

where
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Ry = ' (2.27a)
+ - ' .27b
=1 (2.27b)

Therefore the density matrix is reduced to diagonal form
— R ] .
pxy,%q) = i w {x3) 0, (%) A . (2.28)

In a certain mathematical sense [11, 39'], the natural orbi-
tals offer the most rapidly convergent expansion to the
density matrix and consequently to the wavefundtion. The
occupation numbers give a measure of the importance of
individual natural orbitals.

The density operator is totally symmetric if the
wavefunction ${7) belongs to a non-degenerate irreducible
representation of the point group of the system under
consideration. In this case, applying a symmetry operator

6R to the left of Equation (2.23), it becomes

6pr(xl,xi)wn(xi)dxi

i

'—-1 [ 3K ]
Jp(K xllxi)mn\Xi)d'

{
————
ke
)

[
b
s
O>
)
£
s
t
=
o
"
[

" ‘ (2.29)
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The last step requires p to be totally symmetric. If that
is true, then the symmetry operator commutes with the density
operator, and therefore the natural orbitals are symmetry-

adapted. Thus the density matrix can be written as

- vV VU Vi
p(xl,xi) = L I kn w_ o (x (x

Iz Mg dupt (x]) (2.30)

where v sums over the symmetry species, p the symmetry
subséecies'in v and n the orbitals belonging to symmetry
specieé v and subspecies u. It follows then that, in terms
of the basis orbitais {¢zu}, the natural orbitals {m:“}

can then be expressed as

n = 3 in . : (2031)

Equations (2.30) and (2.31) also state the facts that
degenerate orbitals have the same occupation numbers and
that the transformation of degenerate basis orbitals to
natural orbitals are the same. Consequently, the density

matrix can be simplified as

< .
™
o]

NI
n, ;,in i'n i "i

z

Vi

¥

oo™

[ 3
| 3

V 1V gV VI, Vi
r LI (z Uinkn Ui'n)¢i ¢i|

v i i' a
vV VU,V
= I Z Z_:. Tiiulﬁiu&pi‘v‘ (2.32)
Vi 1 1
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It can be seen that the density matrix is in block diagonal
form. '

On the other hand, if the wavefunction which buildsvup
the density matrix does not belong to a non-degenerate
irréducible represenﬁation, the density matrix will not be
totally éymmetric and it is expressed as

plxg,x3) = 1L .§ . T;EY'H'¢VU¢X:u' ‘ (2.33)

ivp i'v'p
In this case, the totally symmetric component of the density
matrix must be projected out in order to obtain the
symmetry adapted natural orbitals. It is readily shown.
that this symmetric omponent is given by

p(xl,x'l),;z 508 8 (2
ivp i'v'u?

where I, is the degeneracy of symmetry species v.
D. Orbital Optimization

We now describe how the natural orbitals are used as a
bridge between the MC and super CI wavefunctions. After

tion miving coefficients have been determined

for the MC wavefunction, a spinless first order density matrix

can be formed [40]. Natural orbitals are then calculated by

diagonalization of that matrix, yielding
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§ VU Vv
w'H = zv ¢ v, (2.35a)
n i i in
‘with
n=l'2,oo-' 6\)
\)=l'2'o¢a' K
p=1,2,..., Iv

where Gv is the number‘of occupiéd orbitals of symmetry
species v in the MC wavefunction, K the number of symmetry
species, and Iv the degeneracy in symmetry species v.

The natural orbitals are symmetry adapted if the MC wavefunc-
tion belongs to a one-dimensional irredugible representation
of the point group under consideration and hence the density
matrix is totally symmetric. If the latter is not true, we
project out the totally symmetric component according to
Equation (2.34). The eigenvalues obtained are ordered such
that A > M > L. > Agg. Thus the natural orbital mzu
will have the highest poséible occupation number in symmetry

specie v and subspecie p, i.e., it will be the most important

contributicn to the overall wavefunction; wo will have the

2
highest occupation number of all the orbitals orthogonal to
w;“; and g0 on for the remaining orbitals. The same argument

applies to the other symmetries.
We now determine the configuration mixing coefficients
cf the super CI wavefunction by the standard variation tech-

éﬁlniqua, i.e., diagonalization of the super CI Hamiltonian matrix.
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This matrix is in general quite large and its diagonalization
is time-consuming. Fortunately only the lowest eigenvalue
and the corresponding eigenvector are required, and Nesbet's
algorithm and improvements thereof [41] suits this purpose
perfectiy.

After the coefficients are determined, the first order
spinless super CI density matrix can then be formed. Again,
if the matrix is not totally symmetric, its totally symmetric
component is projected cut and diagonalized to give symmetry -

adapted natural orbitals Eﬁvu

[
A%
-y VI =V
with
n-= 1,2,..., F\)
v=1,2,..., K
H = 1;2;559; I\)

where Sv is the total number of space orbitals in symmetry

species v. As before, the eigenvalues obtained are arranged

e e .=V -~V 'y
sucn tnat Alu Z_ Azu > eee = }\'la)‘u

.

Since the natural orbitals ckbitained from the MC wave-

function and those from the super CI wavefunction are arranged

. \) . . . —'\) ~
in the same order, wnu will be identical to wnu, n= 1,2,...,ov
when the generalized Brillouin Theorem is satisfied. BRefore

U H

-V
convergence, however, x and we

n are better orbitals than x:
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use them to find new molecular orbitals $X” which are better
than ¢X“. To this end we note that the transformation of

Equation (2.35a) can be inverted to give

§
VU _ oV VU oV
tbi i mn Uni (2.36)

with

i = 1,2,.--, Gv

Now the new set of occupied orbitals $X“ can be defined by

replacing m;u in Egquation (2.36) by Exu in Equation (2.35b)
<VH _ o —=VM __V
¢i - Z wn Uni (2537)
n
where
i=1,2,..., 8,

From Equations (2.35b) and (2.37) we obtain the following

tranaformation from the old molecular orbitals to the new

ofi€es
-V 6\) Vi v - o~ °
¢i = Z d}j vjl' 1 = Lyljeaoy %y (2.38a)
J
where
s .
<V~ <V HEv v
ii “ Yin Yni (2.39)
- n=1

A new set of virtual orbitals can be simply defined by

$iy = a‘i’“, i=8 +1, 8§ 420 n T (2.38b)

This new set of orbitals is orthonormal and, hence, satisfies
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the variational condition of orbital orthonormality. It is
also symmetry adapted.

The new orbitals can be expected to be better approxi-
mations to the true MCSCF orbitais because the natural
orbitals from the super CI wavefunction are better than
those from the approximate MC wavefunction. Moreover, the
natural orbitals are arranged in such a way that the domi-
nant orbitals generally become more important and higher
virtual orbitals less important. This means that after
orbital transformation, the energy contributions from the SE
functions are diminishing and the deviations from the
generalized Brillouin Theorem are decreasing. Iterating the

€~

entire process of forming two set

i}
O

performing the orbital transformation is a special way of
optimizing the orbitals. By virtue of the properties of thg
natural orbitals, rapid convergence is expected. Using the
natural orbitals from the super CI wavefunction to replace the
natural orbitals from the MC wavefunction improves the
unction and forces convergence. During the iterative
2 MC energy should go down. When successive im-
provements in the MC energy fallis below some threshold, the
MC energy and the super CI energy agree within that same
threshold. At this point, the generalized Brillouin Theorem
is satisfied and the orbitals are variationally determined.

In the execution of this scheme, three problems may
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arise. The first concerns the ordering of the natural orbi-
tals, in case some of them have the same or almost the same

: . v .
occupation numbers. The order in {wnu} can remain the same

but the order in {EX“} may have to be modified so that Ezu

VH

will correspond to W,

. n=1,2,..., §.. This is achieved

v
by forming an overlap matrix between the two sets of orbitals

VU VU=V
Snm.—<wn lwm S | (2.40)
with

n=1'21"" 6\"\

m= 1,2,..., 3-\)
E;E will correspond to w; if the magnitude of S i . is

larger than SzEm for all other values of m. 1In this fashion,
Vi — —yu
we can arrange w, form =1,2,..., Gv. The order of [
for m >6vis irrelevant.
Secondly, it is well kncwn that all fully occupied
shells permit an arbitrary orthogonal transformation of the
orbitals. This arbitrariness may be an obstacle to the

orbital optimization. Therefore the closed shells are always

chosen to be eigenfunctions of the one-electron Hamiltonian

iterations to correspond to each other. The “partners”
between successive iterations can again be found by forming
an overlap matrix between the two sets of orbitals and

matching those with the largest overlap.
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Thirdly, it is possible that the SE functions formed as
described up to now do not form a linearly independent set.
They may not be orthonormal either. Linear dependence
can be removed and orthonormality imposed by Schmidt
orthonormalization. The orthonormalization procedure is
simplified by the following considerations:

(a) The MC wavefunction is orthogonal to all the SE

functions [28].

(b) WMC(i*j), i,j=1,2,...,L is orthogonal to

oy cy T v
?Mc(l'*j'); i'.3' =1,2,...,L for j+j' if ¢ju
and ¢¥P are not occupied in any of the SAAaP's in
*me

(c) The SE functions are orthogonal to each other if all

the SAAP's in WMC are composed of doubles only.
E. Treatment of Excited States

The described method can also deal with excited states
belonging to the same spatial and spin symmetry as the
ground state. To obtain, say, the first excited state, we
simply choose the second root of the MC-CI problem. This root
is always an upper bound tc the first excited state [38] and,
so, maximal lowering of this second root will approach the
excited state most closely. This minimization can now be

accomplished in exactly the same way as in the ground
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state. Namely: all SE configurations are generated from the
MC function belonging to the second MC root, and then the
lowest root of the corresponding super CI secular equation is
found and its natural orbitals used to replace the natural
orbitals of the previous MC approximation, etc. Higher states
can be dealt with analogously.

Although the resulting energy is an upper bound, the
excited state determined in this manner is in general not
orthogonal to the lower states. If orthogonal states are
desired,; the following for detefmining simultaneously several
states can be used.

Suppose the lowest two states are sought. Then we
choose the lowest two roots of the MC-CI problem and form
both MC wavefunctions. For each of them, single excitations
are formed and the super CI problem is solved for the lowest

—
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four density matrices: for the MC wave-

-
w

@
cr
(&)
]

. functions of th tates, pg and py+ and for the super CI
wavefunctions of the two states,-—p'0 and 61' At this stage, we

form the average density matrices

‘O
it

ave = (Pg+P1)/2 (2.41a)

ave (50+31)/2 (2.41b)

The natural orbitals of these two average density matrices

ére now used to define new molecular orbitals in terms of the
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old molecular orbitals by the method described above. When
the procedure éonverges, both states are formed from the same
set of orthogonal molecular orbitals and hence the two

states will be orthogonal to each other. Higher excited

states can be treated similarly.

F. Calculation Procedure

The whole iterative procedure is summarized in the

following steps:

(a2) Construct from some initial orbitals and Serber
spip eigenfunctions the MC wavefunction in terms
of SAAP's. Solve the MC-CI eigenvalue problem by
diagonalizing fhe Hamiltonian matrix and choose the
eigenvector corresponding to the energy state
desired.

(b) Construct the super CI wavefunction from the MC
wavefunction. Determine the expansion coefficients
from the super CTI eigenvalue prechlem. Choose the
eigenvector corresponding fo the lowest energy.

(¢) Compare the MC energy and the super CI energy. If

y agree within some threshold, convergence is
achieved and the calculation comes to the end. If
not, form natural orbitals from the first order
spinless density matrix of the MC wavefunction and

that of the super CI wavefunction, respectively.
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(d) Perform the orbital transformation to obtain a new
set of orbitals. Go back to step (a) with the

new orbitals as input.

G. SCF Iterations and Extrapolations

The MCSCF method.would be efficient only if the number
of iterations required to obtain convergence is reduced to
a minimum. The initial guess of the orbitals is very im-
portant in this respect, but unfortunately there is no
general rule or economic way to make a good approximation
to the MCSCF orbitals. Another way to hasten convergence is
to add an extrapolation feature to the iterative prodedure.
The method due to Hartree [42, 43] is used for this'purpose.
This procedure applies to a sequence of values Y, which ap-
proach an unknown limiting value y . Hartree basicaily

assumes that Y, approaches y,_ according to the formula

«y - yw 4+ abh ) ' (2.42)

Y41 Yo _ Yne2Vnse
In"Ye Yn+1"¥n

(2.43)
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whence
5 ,
Yo = (¥peo¥nYn+1)/ Y42~ 2¥ne1tYy) (2.44)
or
Yo = Youo~ (V4o ¥y )/ @D 7) (2.45)
with

b= (Yp407¥ 1)/ (YY) | (2.46)

Equation (2.46) reduces the error of evaluating y,_ when
Ynr Yp+1? and Y4+ 8T€ nearly equal. It is obvious that the
extrapolation scheme leads to convergence only if [b| < 1.
If |b| = 1, the extrapolation breaks down.

We apply the extrapolation to the configuration mixing
coefficients of the MC wavefunction as well as to the density

matrix elements derived from the super CI wavefunction, after

f

ity

v

three successive iteratiocns. One cauticon is that the

[{:]

ar
—as

£
&

ct

he

(o}

matrices to be extrapolated must be expanded in terms
same set of orbitals. Moreover, the MC wavefunctions and the
density matrices must all be normalized. This extrapolation
procedure is preferable to extrapolating the orbitals since
there are more components in the orbital set and, moreover, the
orbitals would be neither orthogonal nor symmetry-adapted after
extrapolation. In order to avoid divergence, we extrapolate
_ll

only those points for which |b > 1.1. This value gave good

results in all cases considered. Generally the extrapolation
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seems to work. However, the assumption in Hartree's method
may not be valid all the time and consequently the extra-
polation may not always give an acceleration. Anyway, in

general, the extrapolation is still a good bet.
H. Implementation

A Fortran MCSCF program forlIBM 360/65 has been developed
for both atoms and molecules. A general discussion of the
program is given in Appendix A. A number of calculations
have been made to test the program and in most cases conver=-
gence of the energy to within 10-5 $ were obtained in less than
10 iterations. 1In a number of cases, mostly in dealing with
"excited states, convergence could only be achieved to within
10 ° % before fluctuations of the energy occurred. However,
in general, the method gives variationally correct energies
and wavefunctions.

Applications of the MCSCF ﬁethod to calculate the dis-
sociation'curves of ethylene will be presented in the next

chapter.
1. Conclusions

The MCSCF methed presented here is a conceptually
simple model which can be applied to any atomic or molecular
_ : Lo oa2
system. The MC wavefunction is an exact eigenfunction of S

and §z since it is expanded in terms of SAAP's. It is also
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symmefry-adapted as an eigenfunction of the Hamiltonian.

There is no restriction to the type of configurations which
can be included in the MC wavefunction. The method can deal
with ground state as well as excited states belonging to the
same irreducible representation and spin multiplicity. 1In
addition, in the calculation of any state, other states are
automatically obtained, although the wavefunction of these
states are not optimal. The only defect is that in the calcu-~
lation of an excited state, it is not conétrained to be
orthogonal to all the lower energy states. Correction..if

desired, is possible as discussed.
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ITII. DISSOCIATION OF ETHYLENE

- A. Introduction

Consider the dissociation of ethylene into methylenes

Since both reactant and products are planar, the least motion
planar reaction path must be considered. The ground state

SCF configuration of ethylene (D2h symmetry) is given by

1.y = 2 2 2 2 2 2
| "ag> =4 [(1ag) “(1by,,) “(2a4) (Zbl,u__) (1by,) “(3ag)

2 2 .8 v
A(lb3g) (lb3n) Q-] (3.1) .
where

6_ = (ap=-Ba)/vZ - (3.2)

The disscciation of ethvlene involves only the breaking of the
carbon carbon bond and so we put the other twelve electrons
into a core function. Also in the least motion reacticn

path, the molecular plane (yz planej and the xy plane are
persigting symmetry elements. Thus it suffices to classify

the bond orbitals as o, o%*, 7, or w* orbitals. So

| lags = a1 (cozr:e)cx‘zﬂ2

Al

08 (3.3)

where
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(core) = (lag)?(1b, )X2a5)2(2b; )2 (16, ) 2 (163 )2 (3.4)
o = 3ag (3.5)
y = 1b39 (3.6)

On the other hand, the configurations of three low lying
electronic states of methylene (C2v symmetry) are given in

the SCF approximation by

138,> = # [(core)am 63 o] (3.7)
|1A1:02> = [(core)d2 ef] | (3.8)
[1A1,1r2> = o [ (core) n° 6:1_] (3.9)
Here
(core) = ( 1a1)2(2a1)2(lb2)2 (3.10)
m = 1by {3.12}
co
6, =< BB
L(a8+8a)//§ (3.13)

The last two configurations may interact to yield two 1A]

] - - L] 3 . 2
states which are linear combinations of |la,,0%> and

Al,n2>. However the lowest singlet state is mostly

=

!;A1,02> since the interaction is weak. Neglecting the

core electrons, the possible dissociation reaction can there-
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fore be abbreviated as

oznz-—r(on)(cn) | (3.14)

o202 o 2o*2 | (3.15)

According to the symmetry rule of Woodward and Hoffman
[44], if orbital symmetry is conserved between reactant and
products, the reaction is a concerted reaction. Therefore
should two triplet methylenes combine to form ethylene, the
dimerization is a symmetry allowed process, since there are
two 0 electrons and two m electrons on both the reactant side
and product side. ‘On the other hand, the least motion ap-
proach of two singlet methylenes is a high energy one. The
methylenes possess four ¢ électrons altogether, but ethylene
possesses two o electrons and two 7 electrons. Therefore
orbital symmetry is not conserved. If one draws the orbital
correlation energy diagram, the 6* and 7 orbital energies
cross during the reaction. This leads to an avoided crossing
of the potential energy surfaces; giving rise to a hump in
the lower surface which is called the activation energy. In
other words, a barrier is present in the least motion ap~-
nroach of two singlet methylenes {45].

Experimentally the dimerization of methylenes has not
been observed [46]. Therefore it is interesting to study how

the dissociation proceeds. From the above argument, it is
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clear that the dissociation of ground state ethylene into
two triplet methylenes is the dominant reaction. If that
is the case, what happens'to the approach of two singlet

methylenes?

To describe these reactions, the use of a multiconfigu~
ration wavefunction is essential, since ordinary Hartree Fock
wavefunctions would not allow different assignment of elec-
trons to different orbitals at different points along the
reaction path. Basch [47] tried to solve this prcblem using
a wavefunction with six configurations. However this func-
tion is insufficient to describe the reaction properly; he

omitted the spin coupling in the triplet dimerization and this

led +o

D

n improper dissociation of the ground state ethylene.
He also used ground state molecular orbitals to calculate the
excited lAg state which describes separation into singlet
methylenes, and because of this he failed to find the meta-
stable extremum in the dimerization curve. These deficiencies

promoted the present calculation to be carried out using the
& & - -

=

new MCSCF program described in the last chapter.
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B. The Orbital and Configurational
Reaction Space

1. Molecular orbitals

The molecular struéture of ethylene can be analyzed in
terms of the molecular orbitals which are linear combina-
tions of atomic orbitals. The molecular orbitals can be
divided into four classes:

. {a) Inner core orbitals
'i(Ag) = (i
i*(By,) = (i - ip)v/2 | (3.16b)

L ¥ iR)//E (3.16a)

where i; and iR are mainly localized left and right orbitals
centered on the carbon atoms, although they are not com-
pletely localized because they are kept orthogonal. However
upon dissociation to infinity, i; and ip become pure inner
core orbitals centered on each of the carbon atoms of the
methylenes. .Similar arguments also hold for the next three

classes of molecular orbitals.

{(b) CH bonds

b+<Ag) = (b, *+ b M2 (3.17a)

b%(B; ) = (byy = b,p)/VZ (3.17b)
B, ) = + )

b_(B, ) = (b_. +b_2)//Z (3.17¢)

o
1%
7]
w
QV
f
o
1
t
'
o
w\-/
3

(3.174d)
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.where . ’
by, = (b + bl)/V2 |  (3.17e)
b_p = (b, - b)//2Z (3.17£)
b,p = (bg + bR)/V2 _  (3.179)
b_p = (by - bp)/VZ (3.175)

and bL' bi are the localized molecular orbitals for the

two CH bonds at left and bp, bl'z are those at right
(c) CC ¢ bonds
G(Ag) = (oL +'cR)//5 (3.18a)
o*(By,) = (of = og)/vZ (3.181)

where o7, and op are the localized o molecular orbitals

centered on the left and right carbon atoms.

(d) CC w bonds

T(By,) = (ﬁL + 1) /Y  (3.1%)
T*(By,) = (M = mL)/VZ (3.15b)

where m and 7 are the localized 7 molecular orbitals

centered on the left and right carbon atéms.
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2. Configurations of ;Ag symmetry in terms of symmetry
orbitals

Intuitively we know that the inner core orbitals and
CH bond orbitals must remain occupied during the reaction.
Therefore we can keep these shells closed. The only orbi-
tals left are the o, o*, m, and 7* functions between the
two carbon atoms. We are going to put four electrons ihto
different combinations of these four orbitals. The only ones
which obey the Pauli Exclusion Principle and at the same
time belong to the irreducible representation 1Ag are
02"2. 0*2"2. ozw*z, 6*2ﬂ*2, 020*2, ﬁzﬂ*z, and oo®nTwWH.,
Of these only the last one permits a triplet coupling.

Using the notation in the previous section, the eight

configurations of 1Ag symmetry are given by

1> = %;#{Fazﬂze _} |02ﬂ2> (3.20a)
|11> = 5 diFo*“nr g} = |o*"n"> (3.208}
111> = %—#{Fozﬂ*ze } = [o‘n*2> (3.20c)
|IV>=%—$‘r{Fo*2w*‘9__} = Jo#?neds {3.2048)
V> = gt {Foo*mm*®__} = |oo*mu*sS> (3.20e)
iVi> = %‘“{FGZG*ZG,_} = {c‘e*‘> (3.20£)
Vii> =1 . {szn*ze } = TTZTT*2>. (3.20qg)
2 -

|VIiiz> = & {Foo*mmre  } = lookmmiqs (3.20h)
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and

with the sum goes over the symmetric group.
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F =23 izi*2b+2b+*2b_2b;*2[(aB—Bu)//7]6

@
il

[ (aB-ga) vZ12

@
i

e = {00BB+BBGA- (af+Ba) (aB+Ba)3}/V3

4 = (vTeD) L g(-1)Fp
' P

‘tation operator.

3. Configurations of Ag

1

(3.21)

(3.22)

(3.23)

(3.24)

P is a. permu-

symmetry in terms of left and

right orbitals

each other, it i

L4}]
[+
14
[}
th
[+
=
(t
(»]
n
n3
)
3
[l o
Ho o
D

In order to analyze how the methylenes separate from

n the configuration space in

terms of configurations made from left and right orbitals.

This leads to the definitions of the following configura-

tions

_1 1, 2 2.2 2 2.2,
lA>—~z¢{F;%(cL m ST o) e} = |o“ne|->
IB> = —é gt.{F/—-;—_(szoLoR-l‘n,,zoch_)e»__} = |n%c|o>
le> = 2 o (pLig %n 7 40 %n n)0 } = jo?mim>
g ¥ 7’"'/2"L L'R R RL --

v _ l,ml, 2 2 2 2 2,2
|D'> zﬁ{Fﬁ-(UL L M L B [ m>

-

|B'> = %un{FoLzoR‘e_ } o= |02|02>

(3.25a)

(3.25b)

(3.25¢c)

(3.254)

(3.25e)
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|Pt> = %-ﬂ{Fsznkze__} = |n2|n2> (3.25f)

le>

s {Fo,m opmee__} = [on|omis> (3.25g)

lg> = $iro m opmed, ) |ow|omjrs> " (3.25h)

LR R ++
Using the relations between the two sets of molecular orbi-
tals in Section III,B,l1, we can show that the two sets of con-
figurations are related by the orthogonal transformation (Ty)
which is shown on Table la.

In order to formulate the separation process, it is

furthermore necessary to express the configurations |A> to
|H> in terms of methylene states. To this end we intreduce

the following definitions

F = FFp (3.26a)
where
'% 2, 2 3
= . 2 -
FL = 2 ; 1L b+L b_L [ (aB-Ba) /VZ] | (3.26b)
Po= 2 2 1%p b2 [(ap-8e) /v21 (3. 26¢)
and
o__ = 06_6_=[(8_a)p-(0_B)al/V2 | (3.27)
_ ata- -2t _ 40,0
e++ = (e+e+ + e+e+ e+e+)/3 (3.28a)
where
e: = aq {3.28b)
8" = BB (3.28c)
{,,60 - (OtB-l-BOt)/\/Z (3-28&)



Table la. Orthogonal transformation (Tl)

L02n2> |0*2n2> ldzﬂ*2> Io*zw*2> |oo*nm*S> L020*2> ]wzﬂ*2> |oo*xwm*T>

o*n?|-> vz /2 3z 1z 7 0 0 0
]nzc|o> % ~% % -% 0 ‘ 0 0 0
[ozﬂlw> % % -% -% 0 o 0 0
|62|x2> 12 lz 32 ) 0 0 0
[o2]02> 0 0 0 0 0 1 0 0
lﬂ2|ﬂ2> 0 0 0 0 0 1 0
lon|on|s> - : 3 -3 0 0 0 i3
lon|on|T> -5/3 w3 33 373 0 0 0 L

1A
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Finally if we have a function of N electrons of the form

1l 2 n 1 2 m
SXY) = F{XK(N, /N " gene /Ny )Y(NY Ny re e Ny )} (3.29)
where
n+tm = N
We can write it as
HxY) = (8 (X) 3, (0)) (3.30a)
where 1 Sx
Fo=mn 2z nFp (3.30b)
P
Ay = mn “I(-1)7 P (3.30¢)
P
l S
- X P
Xy p

Here S, and S, are the subgroups of permutations over the

1 2 n . 1.2 X
electrons Nx’ Nx""'Nx and Ny, ky,...,Nﬁ, respectively.

The last sum goes over a set of coset generators (8 )

yl

corresponding o the decomposition SN =5 .® S, ®S
oy PS
Sy is the symmetric group of N electrons. There are

N!{/(n!m!) elements in Sxy' each of which corresponds to

)

Wi

(4]
ct

a
16

=

cne way of dividing N electrons i

Y
1A

Cu
cr

manner that n electrons are in X an

o
Ky
0
£
[ &
1

are in Y. The number n and m depend on the configurations

and, hence, %

%! #y' and #‘xy will have a configuration

label.

Using these conventions we find, for instance
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|a> = %—d{F-—l—(o 2y 2 20R2)6-_}

5L ‘HL +1TR

%—#«{—é (FLcLzﬂLZFR+FLFRﬂR20R2) 6__1

i}

2

ﬁxyA{% oo (Froping e ) # yA(FR) ¥

1.4 A 2_2 A '
3 Ay (Fpog mp 6 )& S(F)1/V2 (3.31)
The factors inside the parentheses represent the following
two configurations of the methyiene (2+) and (2-) ions:

1 g A 2_ 2 - - 1
7 #y (Frop®m,%0_) = [CH™™, "Ap>y (3.32a)

ﬁ,“A'(FL)' = JcH, ', TAp> | (3.32b)

P

and similarly for the factors containing the right orbitals.

Lance we can write,

_ o 1a2.2 _d g - 1 1
|a> = |o“n®|-> —#lO,GXLR‘CHZ v BAy>piCHY, AR
(3.33a)
where I.R is the "left~-right symmeétrizer®,
'JLR = {1+(L»R, R>L)}//2. (3.34)

and o 10,6 is the coset antisymmetrizer ‘q‘:xy corresponding
to a division into 10 and 6 electrons: X = (1,2,...,10),
Yy = (11, 12,...,16).

The configurations |B> to |H> can be treated in a
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similar manner. In this way, we obtain

= |72 - % - 2 +
I8> = |n20fo> = & pticHy, 2ap+> |cuy,

- 2
|cHy . A=

2

_ 1.2 _ - +
le> = |on|m> ~'”b,7JER{ICH2’ B,+>, |CH,

- 2 +
lcuz, B, >L]CH2,

by = 12| n2s o y 1, 2

D> = |o“|m >_948'8,§LR|CH2, Ao L
: 2, 2. 1 -

|EF>= jo7|o“> =.g8,8;~u2, A102>L!CH

2y 2 1
|F'>= I'ﬂ' le > = ;‘BISICHZ'
|G> =

2

ICHZ;

2A1->R

2
> |CH,y e A +>.1/V2  (3.33b)

2
B17r

Bl+>R (3.33c)

lA ﬂ2>

1" R
(3.334)

. lA,02>“ (3.33e)
EX 24

a 2> |CHy, lagntop  (3.33f)

1

lomjom|s> = &g 8ICH2' 1Bl>L |CH2, By>p (3.33q)
7 .

3

- 3. r .
|H> = |om|on|p> ”B,B{ICHZ' B +>p [CHys “Bi->p
+ lem,, 3Bl->L!CH2_ 3B, +>p
- |cH,, 3B,0> }cH,, 3B,0>:} //3 (3.33h)
w2 1" L 27 1" R ‘
where the configurations of the left methylene are defined

as follows-



| cH
2

|cH
2

| cHy,
2 [

|cH,
2 [

| cHY
2 ’
jcu:

2’

|cHT
2!

|cH
27

|cu?
2'

| cH

++

2!.

(
3.35a)

(
3.35b)

(
3.35c)

'(
3.35d)

(
3.35e)

(3
3.35f)

(
3.359)

(
3.35k)

(
3.351)
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ey, 'B>p =% C(Fo T 8 ) | | (3.35m)
|cH,, 3B1+>L =g (F o 7 6)) | (3.35n)
|cHy, B>, = B (@ opm 67) | (3.350)
.ICHZ, 3316>L =ﬁ.xH(FL0‘L‘ﬂ’L_e£) ~ (3.35p)

The configurations of the right methylene are defined
analcgeouslv. All these confiqurations of methyene are

orthogonal to each other.

4. Separation to infinity

Every one of the configurations |A> to |H> is of the

form

|u> =;J-.xy,-8LR(;ki|ULl>|URl>); Tk, 4 =1 (3.36)
1

i
i i . . . i es -
where U;™ and Uy~ are certain configurations of the left and

s evident that at infinite separation,

[

right methylens. It
configuration U corresponds to two separate methylenes,
which are confined to give the lAg symmetry of U, and be-
tween which the electrons are formally antisymmetrized. It
is also readily shown that the total energy of U at infinite

separation is given by

2 i i i i
<U|# |U> = iki {<u, I#LIUL > + <Up |.{7¢R|UR >}  (3.37)
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where 3LL,JLR are the sub-Hamiltonians for the left and right
methylene respectively, and # = .ﬂ-L + R+ ‘ﬂ'LR‘ In the

. i i i i
case at hand, the energies <Uj U#LlUL > and <Up lJtRJUR > are

furthermore independent of i, so that we have
_ i i i i
<u|#|u> = <u @ |UT> + <Upt|# Ut (3.38)

where i can be arbitrarily chosen. Thus we get indeed
the sum of the methylene energies at infinite separation.

. . i S | . .
All configurations UL and U as given by Equation

R
(3.35) describe certain states of an isolated methylene system,
with the only exception of ICng ¥A162> and |CH2, lA1w2>

which belong to the same irreducible representation. Clearly
a calculation of these 1A1 states of methylene in the ap-

proximation of the given orbital bases will yield two lAl

states that are linear combination of 02 and "2.

, i 2 . - PR
ICHZ, lA1,1> = cosy[CHz, Alc >+ siny|CH,, 1A1w2> {3.35a;}
. : 2
{3.3%b)
which we can write
R 1. . 1
1l = 1

|CHys “Byr 2> = —/%gicﬂz {Fa,6_} (3.40b)

where ay and a, are the geminals
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a, = cosya2 + s:i.n’t"Tr2 (3.41a)

3
2 2

a, = -sinyg® + cosY7 _ (3.41b)

From the foregoing, it follows that at infinite sepa-
ration, each of the configurations |a>, |B>, |C>, |‘G> and |H>
represents an eigenstate of the system of two separated
methylenes. However, [D'>, |E'> and |F'> do not.

By contrast the configurations

|D> = QS'EJLR[CHz,lAl,bL[CHz, J'Al,2>1.‘,_=|al|a2> (3.42a)

1 1

|E> =stg glCH,, "By, 1> fcHy, "A1,1>p=la)la)> (3.42b)

|F> =gbg g|CHy» A 25 |CHy, 1Ay, 25p=]ay|a,> (3.42c)

~ do become eigenstates of the system at infinite separation.

It is therefore appropriate to replace the configurations

F‘ FOI,—

. |
>, |7,

tzs

ip*>, |E'>, |F*> by the configuraticns |[p>, |
then, every one of the molecular eigenstates will go into
one of the cenfigurations |As> to |H> at infinity.

It is readily seen that the new configurations |D>,

lg> and |F> can also be written in the form

ip> = -é—iptF:;—; (@y78,p%85r8,5) 8__} (3.43a)
=1 9 L

|E> = G#{F a;;a;2% } (3.43b)
= l £ A

|F> = 5 g4{F a, 8,00 1 (3.43c)

Using the relations (3.41) in these expressions we find that
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D>, |BE> and |F> are related to |D%, |E'> and |F'> by the

orthogonal transformation (Tz)

|D*> |E'> P>
iD> cos 2y | —%- /féin 2y %- /2 sin 2y
|E> % Y2 sin 2y cosgy sinzy
|F> -% V2 sin 2y sin?y cos?y

Combining this transformation with the one given in Section
i11,B,3 (Tl), we find the following transformation (T3) which

is shown on Table 1lb. The constants

a = z/Z cos 2y (3.44a)
b = 3 sin 2y (3.44b)
c = coszy (3.44c)
g = sin’y (3.444)

are obtained from a separate calculation on methylene.

-
i

pie

Thus, 1f we calculate the eight molecular states
terms of the configurations |I> to |VIII> and then re-
exprese them in terms of configurations |A> to |H> by means
this orthogonal transiormatidn (T3), +hen the transformation

from |A> to |H> to the molecular states should become

Basch [47] omitted configurations |V> and |VIII>. As

can be seen from the transformation matrix (T3), configuration



Table lb. Orthogonal transformai:ion (T3)

lo a>  |o*2n2> lczﬁ*2> |o*2ﬂ*2> |00*nﬂ*$> |02]0%2>  |n2m%2>  |oormrrTs
|| > 32 x 377 2 vz 0 0 0
[720]o > % _%_ %_ _%. 0 ' 0 0 0
lo?nlm> 3 3 -3 0 ° 0 0
lal|a2> a a a a -2a -2/2b 2/2b 0
la;la;> b b b b -2b c d 0
la,la,>  -b -b -b -b 2b 4 c 0
low|om]s> —% i -:-|'4— —%‘- 0 0 0 -%'—/3'
lon|om|z> -2/ s 33 -1/3 0 0 0 1

€S
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|VIII> is very important in describing the molecular states
upon separation to infinity. Therefore his dissociation

curves are quantitatively erroneous.
C. Calculational Procedure and Basis Set

The MCSCF procedure used for the calculations was des-
cribed in the last chapter. It is well known that the MCSCF
procedure would be much more efficient if the initial orbitals
were chosen close to the MCSCF orbitals. - Therefore it is worth-
while to determine a gooé set of molecule orbitals before pro-
ceeding to the MCSCF calculations. In the present work.
separated pair independent particle (SPIP) [48] calculations
were used to determine such orbitals. The SPIP model is a
compromise between the Hartree Fock method and the general
MCSCF method. Although the types of configurations it can
handle are limited, the SPIP implementation was a much faster

Lol

procedure than cur MCSCF implementation due to simplification
in the transformation tc generate molecular electron repulsion
integrals. A SPIP function is an antisymmetrized produc£ of spin
germinals for pair electrons and spin orbitals for unpaired

electrons. Orbital optimization is carried out usin

Ye}
(Y
ck
[}
Q)
-
[«
»
}d

£
{.

similar to the MCSCF method presented in the last chapter.

If the SPIP function is very close to the MCSCF funcﬁion,
the SPIP orbitals are very good initial guess to the MCSCF
orbitals. Sometimes if high accuracy is not desired, a

plain CI calculation using these orbitals yields a very good
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approximation. An approximation intermediate in accuracy
between the CI model and the full MCSCF optimization is ob-
tained by a MCSCF calculation using only the occupied orbi-
tals from the SPIP calculation, i.e., omitting the virtual
orbitals. This means that the orbital space and hence the
correlation gained by the orbital optimization is limited.
However, a considerable saving of computer time can be
achieved since the number of molecular electron repulsion
integrals is greatly reduced. We call this approximation
limited MCSCF calculation.

As basis set, even-tempered cartesian gaussian atomic
orbitals [49] were used in the calculations. The carbon atom
basis was of size (9s 6p) contracted to (3s 2p). The hydrogen
atom basis was (4s/2s). The parameters were determined by
optimizing the ground state Hartree-Fock energy of ethylene

{50] assuming an experimental gsometry [811 (R = 2.517 a.u.,

)
(1]}

RCH = 2.0478 a.u. and <HCH = 115.62°). Contracticn coeffi-
cients were obtained by the scheme given in Appendix B. The
bases are shown in Table 2. The final optimal Hartree Fock
energy obtained for ethylene is =77.9242 a.u. which is

probably .05 a.u. above the Hartree-Fock limit [47].
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D. The Three Low Lying States of Methylene

The methylene molecule has been extensively studied in
the literature [52-55] and these calculations served as a
check for our methylene calculations. Using the atomic

orbital basis set given in Section III,C, SCF calculations

3B1 and two 1A1 states (02 and wz) as a

function of the angle. The CH bond distance was taken from

were made for the

the ethvlene molecule and kept constant for all calculations.
From these calculations optimal angles and energies were
determined. The results are shown in Table 3.

Since the two singlet configurations can interact to

give two states which are linear combinations of llA102>
and |1A1n2>.. They can be written as functions of the form
t = o
|78, 1> =#{(core)Q (om)o__} (3.45a)
1*a,, 2> =8 {(core)a,lo,me_ .} (3.45b)
where
— ' 2 3 2 ) i B2 e )
Qq (0,m) = cosyo® + sinym {3.45¢)
gz(g,w) = -sinyo? + cosym2 {3.454)

Using these functions, calculaticns were made as functions

of the angle. Optimal angle and energy were also deter-

oy e 1 ' X
mined for |“A,,1>. The results are shown in Table 3.
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E. Dissociation of the Ethylene Ground State
into Triplet Methylenes

1. Reaction coordinates

The first consideration in calculating the dissociation
curve are the reaction coordinates. The reactioﬁ path, which
was assumed to be coplanar and least motion, just translates
the methylene groups away from each other. Therefore there
were, in addition to the carbon carbon bond distance RCC'
two parameters toc be considered, viz., the CH bond distance
(RCH) and HCH angle. The change of Ron is small and does
not change the energy significantly during the reaction; so
it was held constant. However we had to vary the HCH angle
since the experimental angle of ethylene (115.62°) is quite

different from the optimal angle of methylene (130.00°).

Therefore to perform the calculations we first chose nine

f-a

joie

e A
4

o= e
2 LS

different values of Ryc. They are those in T
except,fbr the third one. The optimal angles were then
determined at several points by repeated calculations of the
energies. Angles for the other points were then determined
by interpolating the reaction coordinate curve. Since the
variation 6f energy is not too sensitive to the angle, MCSCF
calculations were not used. This saved computer time.
Instead SPIP calculations followed by limited MCSCF calcu-

lations using eight configurations were performed. The



58

SPIP function is of the form

8y = o {Fa(o,0%)Q(n,1%)6 } | (3.46a)
where

Q(o,0%) = cy02 + cyo*? (3.46b)

ﬂkn,ﬂ*) = c3n2 + c4w*2 (3.46¢)

which is similar to a linear combination of configurations
[oznzﬁ |0*2w2>, |02n* > and |c*2w*2>. On studying the
transformation matrix (T3) in Séction III, B, 4, it can be
seen that these four configurations are very important in
describing the dissociation of ethylene. Therefore it is not
surprising that the SPIP orbitals are very close to the MCSCF
The reaction coordinates are shown in Table 4 and
graphically in Figure 1. The curve is fairly simple. The
angle gradually opens up to the equilibrium angle of a
triplet methylene. It is almost a linear function of the
internuclear distance. As the carbon carbon bond distance
increases, the electron repulsion between the left and right

CH groups decreases, allowing the angle to increase steadily.

2. Energetics of dissociation

With these coordinates, the dissociation curve was deter-

The MCSCF energies are also listed in Table 4, alohg with the
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SPIP energies, plain CI energies and the limited MCSCF
energies. Comparison of the energies indicates that in

this case, the plain CI energy and the limited MCSCF energy
at each point are identical to four decimals. The difference
between the limited MCSCF energy and the MCSCF energy at each
point is less than 10"3 a.u. This indicates how good the

SPIP orbitals are. The SPIP and MCSCF energy curves are =

shown in Figure 2. It can be seen that the SPIP curve.gives

[

he correct shape, but omission of four configurations leads
to the incorrect energy of the separated products. The
same criticism applies to Basch's calculations [47].

The MCSCF energy at infinite separation is -77.8008 a.u.,
which is exactly twice the triplet methvlene energy listed
in Table 3. This confirms that the molecule separates proper-
ly using the configurations proposed in Section III,B. From
the curve it is apparent that the ethylene ground state
dissociates smoothly and without any barrier into methylene
triplets, in agreement with the Woodward Hoffman rules.

In order to find the reaction energy, we determined
the minimum of the dissociation curve. This was done
keeping R,y constant and <HCH at 116.05°, the optimal angle
for Roe = 2.517 a.u. (experimental CC bond distance). Limited
MCSCF energies were calculated at two additional points near
RCC = 2.517 a.u. The minimum was then predicted by a para-

bola fit to.be 2.567 a.u. The MCSCF energy calculated at the
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predicted minimum is shown in the third row of Table 4.

The reaction energy, computed by taking the differenée between
this energy and the energy aﬁ infinite separation, was found
to be 0.2492 a.u. or 156.5 kcal/mole, in close agreement with
the experimental value [56]. The reaction energy calculated
by Hartree-Fock approximation was 0.1934 a.u. or 121.4 kcal/
mole. The correlatibn energy recovered was 35.1 kcal/mole,

which is quite significant.

3. Configurational analvsis of dissociation

‘The expansion coefficients {C;}, where i denotes the
configuration, of the ground state for various internuclear
distance are shown in Table 5. Also the {Ciz} are plotted
against Rne for all the configurations in Figure 3. From the
curves, the contribution of different configurations at
different internuclear distances to the ground state wave=

function of ethylene can be seen.

We can roughly divide the plot into three regions. The

first region is from AR (AR = RCC—Re, where Re = 2.517 a.u.)
= =0.5 a.u. tc AR = 0.5 a.u. Here the most dominant
configuraticn is }czw2>. The onlv other configuration of sig-

. . - 2 s & t3 -~ -
nificance is lc 7*“>, which accounts for
correlation energy of the T electrons. The second region is

1

=

. In this region the

to AR = 3.5

1))

from AR = 0.5 &a.u.

importance of |02n2> decreases but that of lozw*2> increases
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significantly. These two configurations are dominant and
their cbefficients are approaching equality in maénitude,
suggesting thét the 7 bond is broken before the ¢ bond.
The contributions from |0*2ﬂ2>, |c*2w*2>, and |go*nmw*T>
become larger. Finally for AR > 3.5 a.u., the function
approaches that of two methylenes. At AR = 15.0 a.u., the
wavefunction is seen to be practically identical with
-|ow|om|T>, as given in the transformation matrix (T5) in
Section III,B,4. Thus the result deduced for AR = = is

reached for AR =15.0 a.u. The coefficients of the first four

configurations are equal in magnitude, so the ¢ and o*
orbitals are equally weighed, as are the w and 7w* orbitals.
The last configuration has the largest coefficient, con-
firming the importance of the triplet coupling. .
The ground state wavefunctions can be expressed in
configurations made from the localized orbitals by means
of the transfdrmation matrix (T3) in Section III,B,4. The
parameter v occurring in this transformation has to be
taken from a calculation of the |1A1,1> excited state
of an isolated methylene. Carried out at <HCH = 130°, the
equilibrium angle of the ground statei and with the
molecular orbi£als that we optimized for the ground state,
it is found to be =-21.48° and differs somewhat from the cor-
responding value in Table 3. “The ethylene energy for this

excited lAl wavefunction is -38.8459 a.u. . The resulting
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contributions- from the different configurations can be
seen from Figure 5. where the squares of the expansion
coefficients are plotted against thé internuclear distance.
There is conceivable mixing at small separations, but as
RCC gets larger, the wavefunction becomes quickly domi-

nated by |ow|omw|T>.

4. Orbital analysis of dissociation

Since all the configurations in.the wavefunction differ
from each other by more than one orbital, the first order
density matrix is diagonal, and so the symmetry orbitals are
natural orbitals. The variations of the occupation numbers
of the o, o*, 7, and ©7* orbitals with respect to the inter-
nuclear distance are shown graphicaliy in Figure 5. The
occupation numbers of all four orbitals are unity at infinite
separation, however, the 7 and T* orbitals become unity
before the ¢ and o* orbitals do. This means that the = bond
breaks before the ¢ bond. At small separations, the m*
orbital is more important than the G* orbital, implying that
there is more @ correlation than ¢ correlation. There is no
sudden change in occupation numbers as the methylene groups

separate from each other, and this is characteristic of a

concerted reaction.
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5. Excited states from ground state MCSCF calculations

The ground state MCSCF calculations yield of course
energy curves for eight 1Ag states, resulting from the
MC-CI calculations in terms of the ground state orbitals.
They are shown in Figure 6. Usigg the transformation (T3)
in Section III,B,4, all of these states can be expressed
in terms of the configurations made from localized orbitals.
In agreement with the theoretical prediction, each one of
these eight molecular states became identical with exactly
one of the localized configurations at AR = 15.0 a.u. The
limiting localized configurations are indicated in Figure 6
for each state.

*
F. Dissociation of the Lowest 1A {w 2) Bxcite
State of Ethylene into Singlet”Methylenes

o7}

1. Reaction coordinates

The procedure is similar to the calculation of the
ground state dissociation curve and based on the same eight

lAg configurations defined in Section III,B. The only dif-
ference is that we

I~
A5

s
b
0
0
fo})
ot
i3
®

u e second root of the MC-CI prob-

1
(13

ch

lem for generating er CT problem. From Figure 6, it

o
€]
4
n3

is apparent that for infinite separation, the wavefuncticn
goes into the |a;|a;> state of methylene. The first con-
sideration was again the reacticn ccordinates. We used a

similar technique as before except different values were
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chosen for the carbon carbon internuclear distances because
we expected a barrier approximately in the region from AR =
1.0 a.u. to AR = 2.5 a.u. and so more points were needed in
this region. Also large values of AR were not included since
we know for sure that the separated species are singlet
methylenes.

Again it would be too time-consuming to use the MCSCF
procedure to determine the optimum angle along the reaction
path. Here we used a l-geminal SPIP function to determine

the reaction coordinates. It is of the form

o, =shiPc®R(m*,0%)e_} (3.47a)

where

Q(m*,g%) = ca'n*z + C o*2 (3.47b)

Since two separated methylene singlets have the Hartree

Foék representation
|]'1;\.1c12>|111\1cr2 > =#{F020*26__} (3.48)

The wavefunction @l is clearly flexible enough to describe

the digsociation of the n*z state of ethylene to singlet

methylenes. t is true that the separated fragments will

be pure 02 singlet methylenes. But, as seen from Table 3.

1 1
I A102> and | A1ﬂ2> states is small and there-

i s
the mixing of

fore Ql is sufficiently accurate for the determination of the
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reaction coordinates. The results are shown in Table 6.
They are also shown graphically in Figure 1.

The curve in Figure 1 seems strange at first sight.
The angle of the n*2 state of ethylene at AR = 0 is 113.62°
and that of singlet methylene is 108.34°. Therefore we
might expect the angle to decrease gradually upon dissocia-
tion. But the curve is not so simple. It can be understood
by examining the variations of the occupation numbers of the
orbitals which is shown in figure 7. It suggests the division
of the reaction coordinates roughly into three regions. |
The region from AR = 0.0 a.u. to AR = 1.5 a.u. is region 1;
AR = 1.5 a.u. to AR = 2.0 a.u., region 2; and AR = 2.0 a.u.
to AR = 5.0 a.u., region 3. In region 1, there is not muchb
change in occupation number. The molecular wavefunction is

dominated by the molecular SCF function,#{Fczw*ze__} which

b

{

isscciates into an average of several ionic or molecular
species, as indicated by the transformation matrix (T3) in -
Section III,B,4, and for small separations the dominant
product probably has a large angle. Thus the initial rise in
the value of <HCH can be interpreted as the natural response
of the molecule to the reaction it is following. In cther
words, when the dissociation begins, the system starts to
separate to different products. The behavior in region 3 can
i 1 2

be understood when we start with two separated Alo~> con-

figurations of methylene, whose HCH angle is 108.34°. As they
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- approach each other, some of the electronic population moves
from the o* orbital to the T* orbital, and hehce from the

o;, to the T, localized orbital (or oj to NR). The admixture
of fhe NLZ configuration to the GL?
the HCH angle as can be seen from ﬁhe fact that this angle

configuration decreases

is smaller in the |1A1, 1> state than in the llAl, o> con-
figuration (compare this value in Table 3 with that of
108.34°). In the intermediate region 2, finally the wave-
function rapidly changes from that of excited ethylene
to that of the separated methylenes; Concomitantly the
HCH angle rapidly changes from the behavior in region 1 to

that in region 3.

getics of dissociation

Having determined the reaction coordinates, we calcu-
lated more accurate wavefunctions. We first calculated the

digsociation curve using a SPIP function of the form

¢, = A{FQ (o, m)Q(m*,0%)6 __} (3.49)

which is similar to a linear combination of configurations
|c*2n2>, |02n*2>; |020*2>, and Iﬂzﬂ*2>. On studying the
transformation matrix (TB) in Secticn III,RB,4, it can be
seen that these four configurations are important in
describing the dissociation, although those three which

had been left out are important.too. Still this was worth
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doing since the orbitals determined would be better approxi-
mations to the MCSCF orbitals. Subsequent to the SPIP cal-
culations, plain CI calculations, limited MCSCF calculations
and MCSCF calculations were then carried out. It is
interesting to compare the results from each calculation

and they are shown in Table 6. The 2-geminal SPIP and
MCSCF energy curves are shown graphically in Figure 8.

There were some converéence problems in the MCSCF cal-
culations. The probiem might be dque to the fact that the
first excited state is not so well-defined as ﬁhe ground
state. Still.the energies are valid up to 0.001 Hartree.

On studying Table 6, we can see that the l-geminal
SPIP enerqgy is very close to the 2-geminal SPIP energy at each
point. The additional geminal gives pair correlation, the
order of magnitude of which J'.s‘lo'2 a.u. Both calculations
predict the barrier near AR = 1.6 a.u. The barrier is caused
by orbital symmetry change as predicted by Woodward Hoffman
rules.

In the CI calculations, the SPIP orbitals were allowed
to relax among each other. On studying the 2-geminal SPIP
and MCSCF energv curves in Figure 8, welﬁee that the MCSCF
procedure did mecdify the dissociation curve in a quantitative
manner. The barrier was sharpened and shifted by the addi-
tional configurations. The MCSCF calculations predicted

the minimum at around AR = 1.5 a.u. and this is the geometry
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at which the metastable ﬁ*z state of ethylene might exist.
The height of the barrier is about 0.02 a.u., at around

AR = 1.85 a.u. The essential feature of both curves, how-
ever, is a barrier to the formation of the molecule as both
functions predict the existence of “*2 state of ethylené

as a metastable entity.

In comparing the limited MCSCF and MCSCF energies in
Table 6, we find the lowering in energy by the MCSCF procedure
-is guite significant at small separations, but decreases at
larger separations. Comparison of the plain CI energies
and limited MCSCF energies in Table 6 indicates that the
limited MCSCF procedure produced a significant energy lowering
over the plain CI calculations. It also resolved ambiguities
in the ordef of the states which is the cause of the erratic

behavior of the CI energies for larger separations,

£

&L
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=T man .
alculsticns, we note that the SPIP

ty
e}

in TRLE SeIiss S

¢

orbitals are not as good as in the dissociation of the
ethvlene ground state. This is so because the SPIP wave-
function is a poorer approximation in this case, little
correlation energy is recovered by this function.

Tt Tee o
LialiQasy =

ot
e

g ¢f interest to compare these results
with those that are obtained when the ground state MCSCF
molecular orbitals are used to calculate the excited state.
The energy curve for the lowest excited state is that of the

second of the eight roots plotted in Figure 6. This curve
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is also indicated as a dotted line in Figure 8. The numerical
values are given in the last column of Table 4. The incorrect
limiting value for the separated methylenes is due not only
to the different orbitals, but also to the different limiting
HCH angles. More seriously, it is apparent that, with the
ground state orbitals, the calculation does not yield a
barrier and no metastable lAg state results. |

The smoothness of the dissociation curves and the presence
of a barrier contrast Basch's erratic curves [47]. It shows
the importance.of the adequate choice of configurations and

of orbital optimization.

3. Configurational analysis of dissociation

The expansion coefficients {C;}, where i denotes the
configuration, of the first excited state of ethylene at
various internuclearldistances are shown in Table 7. Also
{Ciz} are plotted against AR for all configurations in
Figure 9. From the graph it can be seen that configuration
Iozn*2> dominates the wavefunction at small separations while
configuration i020*2> is Jominant at larger separations. 1In
the region around the barrier, the most important configurations
are: lczw*zz |020*2>, |02w2> and |oo*n7*S>. This indicates
the strong interaction from the 7 orbital.

Using the value of y from Table 3, the transformation
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matrix (T3) in Section III,B,4 was evaluated. Using this
transformation, the wavefunctions were then expressed in
terms of configurations |A> to |H>. The contributions of
different configurations can be seen from Fiéure 10, where the
squares of the expansion coefficients are plotted against the .
internuclear distance. The mixing of configurations is
quite considerable at small separations, but as RCC gets
larger, the wavefunction is dominated by [a,|a;>.

The expansion coefficients of [a;|a;> at infinite
separation is read off from the evaluated transformation

matrix'(T3) and is given as

2 2 2

lajla;> = -0.0830{]02n2> + Io*zﬁ > + |o%m*®> 4 |o* %2>}

+ 0.1550|go*nr*S> + 0.9716]|0%0*%>

+ 0.0284|m27*2>

The molecular wavefuncticn at R = 5.0 a.u. is approaching
configuration |a,|a,;>. They would become identical at

infinity.

4. OQrhital analvsis of dissociation

Similar information can be obtained by studying the
occupation numbers of o, o%, T and 7* orbitals as functions
£ internuclear distance shown in Figure 1l1. From Figure 11

as well as Figure 9 it is apparent that in the neighborhood
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the barrier, the occupation of the m orbital indicates that
the admixture of the |ogo*nn*S> configuration is not negligible,
even though they are relatively unimportant in ethylene and
for the dissociated conformation. At infinite separation,

the 0 and o* orbitals are equally weighed, and so are the 7w

and m* orbitals.
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Table 2a. Even-tempered atomic orbitals for carbon in
‘ ethylene
Primitive exponents 0=0.024294 8=3.20387
Contraction coefficients
S Sl SII
~0.021041 0.105687 2.560314
0.083853 ~-1.006528 -2.196177
0.029610 -0.561905 -0.419553
0.246900 0.425782 0.218253
0.441448 0.438538 0.209440
0.212623 0.186396 0.057135
0.067217 0.055892 0.018348
0.014354 0.011936 0.003189
-0.005894 0.004334 ¢.000894
. Primitive exponents  a=0.025190 B=3.01742

Contraction coefficients

E ]
0.1i6312 =0.632380
0.412027 ~-0.602350
0.420862 0.820816
0.154511 0.225189
0.042740 0.071517
§.011877 0.017547

Table 2b. Even-tempered atomic orbitals for hydrogen in
' ethylene

B=4.31999

5 : 5
0.417830 -1.731918
0.504366 1.174174
0.107554 0.503923
0.024630 0.081823

’A"*,
B,



Table 3. Geometries and energies for methylenea
<HCH es)  ecta;, 1 Eda,2) e(la, o?) ecla;, %) -y
80° ~-38.8396 -38.8382 -38.5974 -38.8220 -38.6136 9.991
90° -38.8639 -38.8525 -38.6393 -38.8370 -38.6548 9.788
100° -38.8813 -38.8597 -38.6746 -38,8450 -38.6893 9.676
110° -38.8925 -38.3606 -38.7040 -38.8466 -38.7180 9.762
120° -38.8986 -~38.8565 ~38.7286 -38.8433 -38.7418 14.35
130° -38.9004 --38.8500 ~38.7475 -38.8363 -38.7612 18.96
140° -38.8989 -~38.8427 -38.7613 -38.8274 ~-38.7766 24.32
150° -38.8951 ~-38.8364 -38.7703 -38.8182 -38.7885 31.00
160° -38.8904 ~38.8325 -38.7749 -38.8105 -38.7969 37.99
170° -38.8865 ~38.8309 ~-38.7765 -38.8054 -38.8020 43.15
180° -38.88349 -38.8305 ~38.7769 -38.8037 ~-38.8037 45.00
106.6° -38.8609 9.694
108.3° -38.8467

a1l values are in atomic units.

The optimal energies are underlined.

€L



Table 4.

ground state into triplet methylenes?

Reaction coordinates and energies for the dissociation of ethylene

ARP <HCH g (sp1P)° E(c1)?  E(limited McscF)® E(McscF)T  E(excited)9d
-0.5 112.28° -77.8822 -77.8939 ~77.8939 -77.8943  -76.8217
0.0 116.05° =-78.0338 -78.0489 ~78.0489 -78.0495  -77.3729
0.05 116.05° -78.0342 ~78.0497 ~78.0497 -78.0502  -77.4019
0.5 119.82° =77.9951 -78.0127 -78.0127 -78.0133  -77.5625
1.5 127.36° =77.8653 ~77.8838 ~77.8838 -77.8842  -77.6533
2.5 129.80° -77.7946 ~77.8203 -77.8203 -77.8209  -77.6675
3.0 130.00° -77.7782 ~77.8090 ~77.8090 -77.8097  -77.6733
3.5 130.00° =-77.7695 ~77.8040 ~77.8040 ~77.8046  -77.6788
7.5 130.00° -77.7616 ~77.8002 ~77.8002 -77.8007  -77.6905
15.0 130.00° -77.7618 -77.8003 ~77.8003 -77.8008  -77.6922

a . . .
All values are in atomic units.

bAR= R

CC
cSeparatedmpair independent particle calculation.

wRe, where Re = 2.517 a.u.

dPlain CI with SPIP orbitals.

Corbitals optimized within space of occupied SPIP orbitals.

fCfomplete MCSCF.

gEl

irst excited state resulting from ground state MCSCF calculation.

L



Table 5. Expansion coefficients of ethylene ground state wavefunctions at
various internuclear distances
AR {02n2> Ic*2ﬂ2> I02W*2> Io*zw*2> |oo*nn¥s> ]czo*2> lnzw*2> |oo*ﬂn;f>
-0.5 0.9893 -0.0328 -0.1237 0.0073 ~0.0637 -0.0095 -0.0085 -0.0232
0.0 0.8763 -0.0565 -0.1833 0.0184 -0.0881 -0.0133 -0.0109 -0.0396
0.05 ©0.9745 -0.0592 -0.1900 0.0201 -0.0905 -0.0137 -0.0112 -0.0418
0.5 0.9531 -0.0872 -0.2559 0.0402 -0.1098 -0.0179 -0.0134 -0.0666
1.5 0.8536 -0.1735 -0.4239 0.1297 -0.1086 -0.0262 -0.0141 -0.1792
2.5 0.6753 -0.2893 -0.5120 0.2562 -0.0459 -0.0175 -0.0065 -0.3605
3.0 0.5967 -0.3345 -0.5063 0.3062 -0.0228 -0.0101 -0.0033 -0.4258
3.5 0.5412 -0.3660 -0.4904 0.3432 0.0105 -0.0051 -0.0015 -0.4634
7.5 0.4376 -0.4296 -0.43654 0.4284 0.0000 0.0000 0.0000 -—0.4999
15.0 0.4330 -0.4330 -0.4330 0.4330 0.0000 0.0000 0.0000 -0.5000
3R = Roo"R,» where R_ = 2.517 a.u.

SL
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Table 6. Reaction coordinates and energies for the dissociation of ethylene m*2
excited state into singlet methylenes?
ARP <HCH E(dy)C B(s.,)9 B(cI)®  E(limited Mcscr)f'9 E(mcscr)9'P
0.0 113.62 -77.4748 ~-77.4806 -77.4679 -77.4689 -77.4967
. 1.0 123.77 -77.5948 -77.5988 -77.6160 ~-77.6388 -77.6602
1.4 126.03 -77.5830 ~77.5868 ~77.6542 ~77.6599 -77.6695
1.5 125.92 -77.5792 -77.5830 -~77.6568 ~77.6623 -77.6704
1.7 107.47 ~-77.5806 -77.5838 ~77.6167 ~77.6502 -77.6563
" 2.0 104.15 -77.6052 -77.6083 -~77.6458 -77.6560 -77.6591
. 104.64 -77.6375 -77.6404 ~77.6628 ~-77.6748 -77.6765
. 105.45 -77.6608 -77.6635 ~-77.5625 -77.6917 -77.6930
5.0 107.39 ~77.6368 -77.6893  ~77.3405 -77.7108 -77.7103
8p11 values are in atomic units.
bAR = Rcc-Re, where R, = 2.517 a.u.
cl-geminal separated pair independent particle calculation.
dz—geminal separated pair independent'particle calculation.

€pilain CI with SPIF orbitals.

fOrbital.-s optimized within space of occupied SPIP orbitals.

9rourth decimal is uncertain.

Bcomplete MCSCF.



Table 7. Expansion coefficients of ethylene ﬂ*z excited state wavefunctions at
various internuclear distances
Z;a R l0*2ﬁ2> ldzﬂ*2> ic*zw*2> | co*nrn*g> |020*2> lﬂzw*2> | co*mm*D>
0.0 0.1907 0.0083 0.9582 ~0.0490 -0.1715 -0.0318 -0.0821 0.0762
1.0 0.3083 0.0746 0.8289 -0.0566 -0.3769 “6.1193 -0.1319 0.1882
1.4 0.3584 0.1186 0.7274 -0.0382  -0.4440 ~-0.1945 -0.1566 0.2598
1.5 0.3713 - 0.1287 0.6962 ~-0.0311 -0.4567 ~-0.2206 -0.1610 0.2772
1.7 0.3687 0.1488 0.571% -0.0032 -0.4558 -0.4832 -0.1378 0.2347
2.0 0.3083 0.1518 0.4343 0.0268 -0.4099 -0.7006 -0.1197 0.1393
2.4 0.2236 0.1398 0.2878 0.0567 -0.3341 -0.8497 -0.0917 0.0489
3.0 0.1639 0.1246 0.2009 0.0735 -0.2747 -0.9119 -0.0689 0.0119
5.0 0.1142 0©.1082 0.12465 0.0957 0.2210 -0.9483 -0.0492 -0.0007
AR = R 2.517 a,u.

ccC

-R , where R =
€ e

LL
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Read in orbitals, configurations, atomic integrals and others
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— Molecular integral transformation

¥

Formation and diagonalization of MC~CI Hamiltonian matrix

X

Formation and diagonalization of super CI Hamiltonian matrix

yes

»{ END

Convergence

"
l‘ -

Construction of density matrices and natural orbitals

o)
~

|
C4

Orbital transformation to obtain a new set of‘orbitals

Figure 12. Organization of MCSCF program
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VI-‘ APPENDIX A: DESCRIPTION OF THE

MCSCF PROGRAM

Figure 12 presents a flow diagram of the organization of

the program outlined in Section II,F. Some essential de-

tailed features are discussed briefly in the following:

(a)

(b)

Generation of the spin eigenfunctions: The procedure
is based on the SAAP method of Salmon and Rueden-
berg [37]. One important poipt is that for a N-
electron system, if there are M doubles in the

space orbital product, the spin eigenfunction is a
product of M antisymmetric geminal functions in
positions where the associated space functions are
doubles and a spin eigenfunction of a (N-2M)-
electron system.

Formation of the SE functions: The super CI wave-

[o X

28) . I+ is a

(08 ]
|.J

function is defined in Equation
linear combination of the MC wavefunction and all

the appropriate SE functions. It is obvious that

the SE functions depend on the expansion coefficients
of the MC wavefunction which have to be determined

at each iteration. However, the SAAP's which span
the SE functions are fixed throughout the iterative
process and so they can be generated in the early

stage of the program; and all the information con-



(c)

(d)

96

cerning them, such as the corresponding coefficient

indices, can be stored for later use.

Construction of the "label tape": The MC wavefunc-
tion as well as the super CI wavefunction are linear
combinations of SAAP's. Once all the information
concerning about the SAAP's are known, the Hamil-
tonian matrix elements between them can be evalu-
ated if the molecular integrals are available. The
molecular integrals are different from iteration

to iteration, but the coefficients of one- and
two-electron integrais which appear in the energy
formulae [36] remain the same throughout the
iterative process. Therefore the coefficients can
be calculated first and stored on the "label tape"
for later use.

s o~ dey - = CHN s T T P up e ‘ 3
Transformation of the two-electron repulsion inte-

I

grals: This is the most time-consuming step in the
program. Atomic integrals are obtained from the
BIGGMOLI package developed by Raffenetti [57]. The
transformation is a modified version of the algo-

rithm presented by Diercksen [58]. It is of the

order of Ns in multiplications and additions
(N is the number of basis orbitals). Integral
indices need not be stored throughout the trans-

formation process. The final integral list is in
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canonical order. Symmetry is utilized in itera-
tions beyond the first one. In second or higher
iterations, the current molecular orbitals are
expanded in terms of the molecular orbitals in the
previous iteration. Since these orbitals are
symmetry-adapted, the orbital transformation matrix
is in block diagonal form. Consequently the number
of multiplications and additions in the transfor-
mation from the "o0ld" molecular integrals to the
current molecular integrals is much reduced. Such
simplification is not applicable to the first itera-
tion since the transformation is from atomic

.
-

LI P P
integrals t©

¢]
5
0
b=
03
Q
=
b
v
r
=
3
1.

Formation of the Hamiltonian matrix: Once the
molecular integrals are calculated, they are com-
bined with the coefficients in the label tape to form
the Hamiltonian matrix in terms of the SAAP's. The
expansion coefficients of the MC wavefunction are
then determined by diagonalization of one block of
the matrix which contains all the matrix elemehts
between the SAAP?S in the MC wavefuncticn. The
diagonalization is carried out using the Jaccbi
methed. After the coefficients are determined, the
SE functions are also determined. They are then

Schmidt orthonormalized. The Hamiltonian matrix is
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then transformed to the basis of the SE functions
instead of the SAAP's. The resulting matrix is
usually much smaller. Solution to obtain the
super CI coefficients and energy is carried out
using the modified Nesbet method [41].

(f) Construction of the density matrix: Explicit
formulae for the matrix elements are given in
reference [40]. The coefficients of the one-

electron integrals, which are stored in the label

tape, are used to evaluate the matrix elements.
The density matrix is in block diagonal form due
to symmetry. Diagonalization is carried out by the

Jacobi method.
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VII. APPENDIX B: CONTRACTED ATOMIC ORBITALS'

In molecular calculations, it is too time~-consuming to
use primitive gaussians as independent basis functions.
However a smaller number of contracted atomic orbitals (i.e.,
fixed superpositions of primitives) can be used as the
actual basis set with insignificant loss of quality in the
resulting wavefunction. To determine good contracted étomic
orbitals we follow a recent apprcach by Bardo and Ruedenberg
[59] which gives molecule-optimized contracted even-tempered
gaussian atomic orbital (MOCETGAO) bases. A brief dis-
cussion is presented here.

For a given molecule, an uncontracted SCF calculation is
made. Using the expansion coefficients {Cv} of the oécuéied
molecular orbitals in terms of the primitive gaussians, the
spherically-projected, local density matrix is formsd.

p(A) = {3 P(RAal|Abl) [Z g(Alm ' )g(Ablm)]}} (B.1)

1l ab m '
where A denotes the atom, a and b sum over the primitives {g},

1 and m are the angular quantum numbers, and

[2 zcv(Aa1Q)cv(‘b1m)]

P(Aal|Abl) = (21+1)7*
’ m v

~~
7
.
&

~

The matrix is

1

[l o

hen diagonalized separately for each value

of 1, whence
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P(Aal|Abl) = ]z"; A (L) T, (A1) Ty, (A1) (B.3)

where {Ak} are the eigenvalues and {Tak} is the transforma-

tion matrix. Substituting back into Equéticn {(B.1) gives

p(A) = % X A (1) IZ ¢, (Alm ¢y (Alm)  (B.4)
A " k(21w ]

with the contracted atomic orbitals
o (Alm) = I g(Aa1m)T,y (1) (B.5)
a .

However these orbitals are not orthogonal. Ofthogonalization
by standard methods will distort the contracted orbital'space
slightly. Therefore we modified this method to give ortho-
gonal contracted atomic orbitals directly from the local
densities.

Consider the eigenvalue problem for one symmetry

S(A)Ek, (Alm) = Ay (1), (Alm) (B.6)

p{AJf = T £ P{Az1]|2b1)I g(Aalm)<g(Ablm|£> (B.7)
1 ab T m ’ :
If we expand
A = (Ab*1m) U, , . (A1 (B.8)
9, (Alm) I g(Ab’1m) bk (AL

b
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then
p(A)g'g(Ab'lm)Ubnk(Al) = A]'{(l)g'g(Ab'lm)Ub-k(Al) (B.9)
Taking the inner product with g(Aa'lm) gives

L <g(Aa'lm)p(A)g(Ab'lm)> Ub
b‘l

= AR ME <g(aa'lm) |g(Ab'1m)> Uy (A1) (B.10)

Deleting the sums over 1 and m in Equation (B.l) and

substitute into Equation (B.10) gives

I I Sgi,(Al)-P(Aal|Abl)Spy s (AL)Up .y (A1)

b' ab
= Aj (1) g'aa,b,(Al)Ub.k(Al) (R.11)
where
S pial) = <g{ralm)|g{Ablm)> (B.12)
In matrix notation
— o ]
$ESU=8H (5.13)
Therefore
1 11 1
,QE E\QE qi A .
D Q [ 7T = {iB5.14
R ARIR R=R K& (Bel4)
1

3" R 89R = RA (B.15)
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where 1
2

R=%" X

The matrix P can be obtained by diagonalizing the matrix
1 1

(§2 { §2), and the expansion coefficients of the contracted

atomic orbitals are then given by

1 v
v
=% R (B.16)
or —}_
- Ay — 2
Uauk\n.n.) = g’sa’b’ (Al)Db:k(Al) (B.17)

If the eigenvalues {xk} are ordered according to de-
creasing magnitude, the contributions of the corresponding
atomic orbitals to the density matrix and, hence, to the
molecular wavefunction decrease in importance. It is
generally found that retention of the contracted functions
Ek(Alm) corresponding to the largest three eigenvaluss re-
3

produces the molecular energy to an accuracy of 5 x 10

Ao lle
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VIII. APPENDIX C: EXPANSIONS OF MOLECULAR ORBITALS
IN TERMS OF ATOMIC ORBITALS FOR THE

LOWEST TWO lAg STATES OF ETHYLENE

The tables on the following pages give the expansion
coefficients for the optimal molecular orbitals in terms
of the contracted atomic orbitals of Table 2. The molecular
orbitals (MO's) are those from which the configurations in
Equation (3.20) are formed. These MO's are defined in

Equations (3.16) to (3.15) and are the following ones:

lag =1i, 2ag =.b+, 3ag = g,

= 1% - * - gh
lb1u i%, 2b1u b+ ’ 3b1u o*,
lbzu = b_' 1b3u = ”’
1h =h *®, 1b = 7%,

3g - TZg

Each table contains 26 columns of 26 rows. Each column

(11
e
t..!
t
('
[l 4}
=
=
n
8]
rh
rr

furnishes the expansion coefficients of on
26 AO's. The sequence of rows corresponds to the following

order of the AO's:

- =1 -t i
Clap Clb ' Clb. ’ Clpx' clpé' C n . OC_n' . C

CZS, Czs" c2s"’ C2pxl Czp}'c' CZpyl Czpy' Czpzl Czpér

H, S, Hls', Hy8, st', H3y8, H3s', HyS, H4s'.

}
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where the atoms are labelled as follows:

Hy ///’Hl Y
/::>C1 Cz;\\ z
Hy Hy X

The sequence of columns corresponds to the following MO's:

'la 7 28 _4e0e,s Ta_, 1b1u’ 2b

g g g P I ] 7b

1u lu’

1°3u' 2b

30’ 152g, 2b

2g°

Consequently the MO's that are occupied in the MC wavefunction

~are those in columns 1, 2, 3, 8, 9, 10, 15, 19, 23, and 25.
The first ten tables correspond to the lAg ground state

at 10 different values of RCC" The subsequent 9 tables

correapond to the first excited 1AG state at 9 different

n . .
Roc: Bee ig defined as

where AR is given in each table heading.
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Table 10. MO expansions for

1
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A_ ground state at

AR = 0.05 a.u.
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Table 11l. MO expansions for A_g’ ground state at AR = 0.5 a.u..
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Table 12. MO ezxpans.io}:s for. .1Lb.q ground ss_.ta.te, at

AR = 1.5 a.u.
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Table 15. MO expansions for -

L

Ag ground state at AR = 3.5 a.,u.
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Table 15 (Contirnued)
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Table 16.

MO expansions for lAg ground state at AR = 7.5 a.u.

l ! '
I : ’
O.€823C88 ~%,1k29559 -b.xa?ssss 0.23919%0 Ca30R7026 "L1737433 0o 2246910 0.685p370  =€.1529927 _Del402727
DL0269545 DJORIFIDKRG jt-:_ﬁ]sabt: =0, 5503443 =0,67 38 0L48241325) -] o 74340008 [ ‘\77‘!!\0! L JABANGAS 203740407 ...
0.0053721 “0,0829115 ~$.0690928 ©.0521991 0,015534 ole6noacs . 1.3C7596kR 09952137 ~0.0425668 7.0734599
O« 0.C ‘.r.o 0.9 Ce * OPC t De® B0 Cel 04"
Cal 22D f! (o 0,0 [+ 9% | Dpd : DL i 0.0 Lol - D 0. —
Qen Ne £e0 No € Oen Oht . A Cen Cof Te0
Ce0 0.0 0«0 0.9 %49 cho [\ LY 00 049
CaRO2MSAN [P | 59470 -:n.eu]naqs =0,3236083414 252216 =0Rp1?733IS25 _ =0.373C956 £,0020936 Ce327947) N.616330Q
0.7003479 D,0112055 £a0457940 | =00 3917436 0, 5925875 0p1989516 Ne3732267 fedNCACR0 0.0109702 «N.0470568
Ce€8£3C88 ~0.1529559 ~Le1375565 02391950 0.305;626 op1737433 Do £2%48910 ~Ce 6352379 ©e1529927 ~0.1402727
Ca0769545 B, 4B 23266 L2 3676408 =0, 55034423 XYY 4 /]33 =N ha24325] L ~1a2434993 =R A7 210G63 =P JA84064C O 2740402.. .
0e0953721 «3.0629115 -Co069N928 € .3521991 c.o:bssan N) 6600976 1¢3C7SSHB =G4 NNS2137 CeGa25668 -3.1734599
0.0 00! €.0 HE N : 0en 0pn Ner € e aea
0e 0 540! £.0 L - L, : Can | Q.0 fat — Ca 0 £.0 063 .. .
0y ! J.0 God Ge? Ce i ntﬂ Te? Cu0 €e0 00
e .0 [ Y] P 5.3 ! 09 (3%} el (] €. 040
=0,0020986 =0 ,12345987 0,6110135¢ 1 0. 3NGE%544 222522714 eh1733525 Na3230Q56 0L N026036 CL1378421 _ 3,.6163999. .
~0eC0034725 ~C."112055 =C.04579a¢ ; 0.3901743¢ -C.59p5878 -Nl. 1949416 -0y 2732267 C.hnoarze 0eN109702 ~N, 0470568
~0.0088295 -2 ,1966823 0.r95453a ' =0.4328312 ~Ce 4838931 ~0p 31686155 ~%.T47r1AS 040047791 fe1966617 29975544
Oe0003C26 ~0,CPa%a1 =043330627 =0,010Cq35 Ne 1110162  w0p13I?I42C . 0D2E£14431  =CohN0R506 £ .D019648 _ =0,2039731
~0.00482S5 -0,1K5€CE2A 000954534 -0, 4328312 -0,43RR3 23] -CL3186155 -0 .T7a7018S 0.1Ca7791 €.1666617 2.1975544
2.1003%26 -3 .%Da"a13 =0u0030627 | =0.09100§32 01118 162 -2 13734820 JsE€14431 «~0,4000250 5 7 e I3I9648 =3+7239781
. =0,7042295 =0, 318€EER2R 0, 0954514 =0,4328312 =0.48, =0 3IBOL18G =0 P4TCLAS =0 N0§7791  =Ca1SA6617  =0.C975544.
0.0003026 =0,0204Pa10 =Lef03A627 ; -0.0127932 %. 11j19162 -NL1373a420 n,8€1443) QenNND25C € -0 .0"39648 © 29939781
-0, 0048235 =0,1566828 €00956530 -~ .4328312 -0 .4B33931 =0b3186155 =2,747¢18S =0, 047791 -Ce1656617 ~1.0975544
s N.00103026 =2,0N4c410 -l 0GING2D ~0,7190933 Ne 1132162 =P h13P?IL2E . JL8€144712 0 CICORECE 000396408 .. 0,23039781%1.
{ . . :

62T



130

o2t

utkcveB"o

STYLE UL Y-

1£92460°2 w2E21lUu~ 6S2H116°C-  SoYlL32°. 9P LEY6L Yy | ST y | Yeaveviou~ ISEFEUS*0~-
SE2vo62°: GEEELES® D 2eSeLit *y 2CulEsI %= SYELI62E7I= 29¥22U6Z %D CLERSIL U= ' IBISBIEP0= €ILLALYCD GIVHLEV u= |

TESRLBIST=" T TRZRITIGTT — TEGSIITE® S T GOIICITIL S GRUTICSNO EITTUNTTT T IIIEYLES0 Poovdeltai-  GawuiOlcu- 15500 o~
SE2Y9L2*L=~  9EETCHI* I~ ev9veEu®n—-  225TSsL et SevL6LE%) L022d6E *G=  @2$8592° 0~ | [6OSGOESH=  EClidLivei HIVELEY *D=
1£92L80°% =  v2£2113°y 6528116%u=  $6ILLELL w2yt - EUlciu®C—  VEFETYLY *U= | YOLLYI ®) SZYuTuic e 16£3c00% 0 |
T HECVYES L= T IELEUET U= IVIUVELE D E-4-2 £ Irid SR £ T VR4 f AL LT CIFTIOLTI LR ELTT R ®ULLILYSC=  O9vVsLEv 9D H
1EYE4E0°0 v2e2tlug®o~  6S281M6°y S691C¢SZ%u~=" 8vI296uY0 . 12HIC0 VEFTVLE U~ | PLowivi®Y sTeGEYI® O 16 JECO®0 |
SEEv962 L E{ L TELN Co9VErY o~  EESLIGHII®E Sv9C6LCYO tv22d62*o-  22462594°0 T6US6IE * o €3L43L9°C~  BIVELE®®O .
ST TR T YT T T ST i 3] ZOPTLOEST SETTEZT® CIIVIIIT* U~ S LeET9° 6=

0°¢ I*v LR o wje 2% SOPESIE 0~ | Z2LSBSL W~  BL213HSC Piv3vei®o-
COLWVIVOO=  cITVEL0® ) E118S22%0=  L893210°8  (ZSec6efu=  G6LEELC "G~ i v [AF H i 9%e
TEEVOSOVTSS T YYLSSSEYI  ESET9SETI  ULTTUSOVES T ZUZRG e o= - AT 1 T o PR L™ B
veo o g*2 DA ¢ | vee v i (LI ¢y 0% 0
o ued LI RLTAE o veu i S [ i 0°¢0 ;

DR -0 - IVT T T TTTTTSU v T TEGGELEST=  €Ceduds™ U= o¢ 6B 0—

(14 3°9 LY e - vy 3162562 °1 £694ulv Y BHOYTU9 L~  E3LFOLEO
o*cC 0 (AN} (31" v ved otfivad8* 0~ | 248E£991° 4~ VL ULEHZ®O SS1360Z%5=
RO 14 - TS TUTT oS TITTTRYTTTT T TG ) TIRITVETU SETILZV™S LB RO LA TIscT® o=
e 9% v c*0 Gy AR SOPEVIESG= | Z22SPGI°C-  Ea2I332°0 otvdvas o~
COEYVLP =  2ITHULEQ® D £11d624%0 LEYILTI® T~ 12sve6viy 6L EHEL *O ; c*o ! (3] 0w ) eto |
TEERUEIY LS T WFIGYET Y BSEIISEYI= TIETIGSTCT T I9ZUTE T3 A4 B LAY tv¢ o

e vy VL 2%G ,..A.. Y ove LT oed foey ;e

80 g0 S (AN vl Lvea : o0 o [u°0 | oo
R 2 2t~ o it <t i + A ovT TS LT LZIEY ITTIOR™Y SIEITAI°C X 24 11k ] i
o*c a0 ) L »%9 o0 FI6296L %1-  T69LuIveI-  ©EIISIC0 £3LPves®u- |

0*¢c ace A [ 3] vy AL SEGYBLH®Y | TLPEIRLSD vH1ECH2°C= S5 16592°)

: t i H

:.um_uﬁ.m JUOD) 91 S1qel



131

oo o oy wedl cvezedace pezvo=
- <0 (2] T*0 o t4-27+ L7 3l B
wiv [ v*0 I°4 uvi2e oge*y
oS CLE v oed 29vES DEH Y
") A KAL) (3] TYIeE 4 -
w9 (2 Vo 0" £1 1 SSIPNLS°Y |
40 00 w0 o*q 0522 9E2%~ !
4 T () VT EE] 37334
vio ¢*0 0*s 0°3 - R
vio PR 0o ey L T
0 £ U OO oY ISR oC- LT 2110 M
<o %0 0 vy 2vosvdec o e8EPRSO T~
L9L995e u- 9u99(LC0 400680040 SIEQILO %~ 0°0 A ] :
T T INIZGUSOYU-  CIYEIRUZCU = VIFSVRUU STSEFLL T L Ad ]
390 (A1 o0 0%y L S
viv Al c*0 0% i _e%o
%0 L2 LA™ TOT L
LX) PR <o «°0 a*g
M [(Rd% [ 0°) 0o
+ vYo T*0 oYY 13" ) WIS E Y= UIVE IS Y
: vi0 (A0 G0 o N«ﬂm.&ﬂ.e 68EPYSD" L
T a929906L4v 9U99146° 0=  £0PEO0L*O S 1E9140 U= i ocv | 90
I&’%d‘ﬂowjoﬂjglrgqu oTT oY —
: v ©*d 0o 0° 9*0 I
vio ¢*0. (] c..m 00 L)
? i L "] LAkl N L 12 ¥ w O :
;

(ponuT3UC)) 9T @Tqel



Table 17.

MO expansions for

lAg ground state at AR = 15.0 a.u.
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Table 18. MO expansions for vm first excited state at AR = 0.0 a.u.
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first excited state at AR = 1.00 a.u.

. 1
Table 19. MO expansions for Ag
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Table 20.

MO expansions for 1Aq first excited state at AR = 1.4 a.u.
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Table 21. MO expansions for ]'Ag first excited state at AR = 1.5 a.u.
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Table 22.

. 1 . .
MO expansions for Aq first excited state at AR = 1.7 a.u.
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Table 23.

MO expansions for

]

.wm first mWQWHmm state at AR = 2.0 a.u.
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Table 24. MO expansions for "A first excited state at AR = 2.4 a.u.
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Table 25. MO expansions for A‘,[ first excited state at AR = 3.0 a.u.
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